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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
83 ]. This is test number [ 117 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (83 ) | 0.00 (0)

Mathematica | 95.18 (79 ) | 4.82(4)
Fricas 75.90 (63 ) | 24.10 (20)
Maple 61.45 (51) | 38.55 (32)
Maxima | 57.83 (48) | 42.17 (35)
Mupad | 56.63 (47) | 43.37 (36)
Giac 51.81 (43 ) | 48.19 (40 )
Sympy 44.58 (37 ) | 55.42 (46)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 59.036 0.000 0.000 40.964
Mathematica 50.602 3.614 0.000 45.783
Maple 10.843 0.000 9.639 79.518
Fricas 10.843 24.096 0.000 65.060
Giac 3.614 7.229 0.000 89.157
Maxima, 3.614 16.867 0.000 79.518
Sympy 2.410 1.205 0.000 96.386
Mupad 0.000 15.663 0.000 84.337

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 4 100.00 0.00 0.00

Fricas 20 100.00 0.00 0.00

Maple 32 100.00 0.00 0.00

Maxima 35 54.29 8.57 37.14

Mupad 36 0.00 100.00 0.00

Giac 40 100.00 0.00 0.00

Sympy 46 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.31

Giac 0.52

Maple 0.62

Rubi 0.67

Maxima 2.74

Sympy 4.98
Mathematica 10.88

Mupad 13.47

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 21.19 1.01 17.00 0.94
Giac 45.81 1.29 20.00 1.11
Mupad 74.91 1.58 22.00 1.22
Maple 164.18 1.44 18.00 1.00
Rubi 301.94 0.99 69.00 1.00
Mathematica | 348.47 1.14 54.00 1.10
Fricas 411.59 2.29 44.00 2.11
Maxima 1447.38 38.13 287.50 7.92

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

69} (705 [71])

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {25
Maple

Maxima Verification phase not currently implemented.

Fricas Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.12. Timing
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1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')

See [https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
Ferent-from-using-maxima/| for reference.

1.14. Important notes about some of the results


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

CHAPTER 1. INTRODUCTION 17

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/b57123/could-we-have-a-leaf count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
returnl
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]
2.1.1 Rubi

A grade { [1B)E) B 0 12 15,6} 15) 20,25, 25,27, ) 52 53, 55,57 55 1 43, 7
51} 52,53, 56} 57,581 61 62,631 66,67 68 72,73 74 75,76, 7} 75,0} BO 1, 52 83 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { [I}3,5}8 10,12} [15}[16} |20} [23}[25} 27 31} [32} 33} 36} 37} |38} A1} 42} 43, |46} |47} (48} 5 1
(52,53} 56} 57} 58, 61} 62163} 66} 67} 68} 72} 73} 75,76} 78, B1] }

B grade { }

C grade { }

F normal fail {[74,[77[80}[83] }
F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple
A grade { [5[12}[15}]20,27,[53} 58,63} [68] }
B grade {}

C grade { [7373,75) 76,78 F9,E0 52 }

F normal fail {[1[3,8[10,[16}[18 23,25} 31}[32 33} 36} 37} 38, [A1} |42} |43} 46, |47} 48} 5 1} [52} 56
[67,[611 62, 66}[67} [74, [77}80}83] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade {[5}[15,[20}[53} 63} [72}[75} 78, 81] }

B grade { 15102 16,1823, 25,2755 BS) T3, T4, 167 F9 502,53 )

C grade { }

F normal fail { 1,52, 5% 56 57) 35 1,2 5 5738, 51,52 56,5761, 62,6567}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade { }

B grade { 12520, 27 BT} B2, 63, 86,87, 88 51, 52 5657}

C grade { }

P normal fail { 1551016, 15,25, 72,73 747575 7173 PO SO EL B33 )
F(-1) timedout fail {[60,[69}[70 }

P(-2) exception fail { 2512316, 7 15, 61,62, 63,65, 65 )

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[15/[27[68) }
B grade {BI2E0E3E3E)
C grade { }

F normal fail {[1[3,8[10,[16}[18)23, 25, 31}[3233} 36} 37} 38 [41} (42} 43} 46, |47} 48} 5 1} [52} 56
(674611162, 66} 67} 72} 73,74 [75, [76} [77} 78} 79} [B0} 81} 82, B3] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.7 Mupad

A grade { }
B grade { [5}[12}[15}[20}[27} 53} 58} (63} 68} [72 [75} 78} B1] }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}[3,8}[10}[16}[18[23}[25}[31}[32}[33}[36}[37) [38, 41} |42, |43, }46) |47 {48} 1]
[624[66157, 61} 62} 66,67} 73} [74 [76} [77} [79} 80} 824 83 }

F(-2) exception fail { }

2.1.8 Sympy
A grade {[3][58}
B grade {5}

C grade { }

F normal fail { [1,8))(10,[T2[5) 16, 15) 20,25 25,7} 51, 52 33, 5, 57 55,1 12, 16 7
15,57, 2 56,7 61 62,63 66,671 63,2 73,74 75} 76,77, 75, BO BT 52 B9 )

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 143 143 146 0 0 495 0 0 0

N.S. 1 1.00 1.02 0.00 0.00 3.46 0.00 0.00 0.00
time (sec) N/A 0.339 0.054 0.000 0.000 0.312 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 115 21 15 18 20
N.S. 1 1.00 1.12 1.00 7.19 1.31 0.94 1.12 1.25
time (sec) N/A 0.173 1.180 0.191 0.360 0.280 2.144 0.379 13.236

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 92 92 95 0 0 346 0 0 0

N.S. 1 1.00 1.03  0.00 0.00 3.76 0.00 0.00 0.00
time (sec) N/A 0.261 0.027 0.000 0.000 0.306 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 115 21 15 18 20
N.S. 1 1.00 1.12 1.00 7.19 1.31 0.94 1.12 1.25
time (sec) N/A 0.172 0.888 0.148 0.331 0.260 1.844 0.310 13.910
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 32 31 42 42 50 67
N.S. 1 1.00 1.00 1.23 1.19 1.62 1.62 1.92 2.58
time (sec) N/A 0.175 0.017 0.247  0.220 0.275 2.543 0.303 0.553
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 108 18 14 18 20
N.S. 1 1.00 1.12 1.00 6.75 1.12 0.88 1.12 1.25
time (sec) N/A 0.172 1.019 0.189 0346 0.279 0.644 0.279 14.500
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 118 18 15 18 20
N.S. 1 1.00 1.12 1.00 7.38 1.12 0.94 1.12 1.25
time (sec) N/A 0.172 0.872 0.152 0.334  0.261 0420 0.398 13.262

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 242 240 229 0 0 799 0 0 0
N.S. 1 099 0.9 0.00 0.00 3.30 0.00 0.00 0.00
time (sec) N/A 0.591 0.664 0.000 0.000 0.316 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 256 42 17 20 22
N.S. 1 1.00 1.11 1.00 14.22 2.33 0.94 1.11 1.22
time (sec) N/A 0.176 12.322 0.295 0.490 0.259 2.762 1.211 14.046
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 133 131 123 0 0 525 0 0 0
N.S. 1 098  0.92 0.00 0.00 3.95 0.00 0.00 0.00
time (sec) N/A 0.375 0.528  0.000 0.000 0.334 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 251 42 17 20 22
N.S. 1 1.00 1.11 1.00 13.94 2.33 0.94 1.11 1.22
time (sec) N/A 0.181 9.074 0.245 0.509 0.274 2.185 1.012 13.183

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 43 41 50 96 91 0 88 100
N.S. 1 0.98  0.93 1.14 2.18 2.07 0.00 2.00 2.27
time (sec) N/A 0.348 0.254 0387  0.229  0.269 0.000 0.319 13.780
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 286 36 15 20 22
N.S. 1 1.00 1.11 1.00 15.89 2.00 0.83 1.11 1.22
time (sec) N/A 0.182 29.803 0.245 0.495 0272 2.025 0.376 13.583
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 289 36 17 20 22
N.S. 1 1.00 1.11 1.00 16.06 2.00 0.94 1.11 1.22
time (sec) N/A 0.180 12.103 0.302 0.5617  0.275 0.657 1.293 13.361
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 104 90 72 2838 100 0 85 496
N.S. 1 1.16  1.00 0.80 31.53 1.11 0.00 0.94 5.51
time (sec) N/A 0.469 0.079 0.528 0.453  0.278 0.000 0.290 25.416

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 382 383 305 0 0 1457 0 0 0
N.S. 1 1.00 0.80 0.00 0.00 3.81 0.00 0.00 0.00
time (sec) N/A 1.044 1.101 0.000 0.000  0.442 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 252 20 15 20 22
N.S. 1 1.00 1.11 1.00 14.00 1.11 0.83 1.11 1.22
time (sec) N/A 0.187 1.769  0.153 0.437  0.270 0.457 0.335 13.063
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 261 256 845 0 0 1060 0 0 0
N.S. 1 098 3.24 0.00 0.00 4.06 0.00 0.00 0.00
time (sec) N/A 0.769 1.614 0.000 0.000  0.402 0.000 0.000 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 252 20 15 20 22
N.S. 1 1.00 1.11 1.00 14.00 1.11 0.83 1.11 1.22
time (sec) N/A 0.179 1.537 0.181 0.438 0.272 0.369 0.327 13.057

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 67 67 70 7945 251 0 278 157
N.S. 1 1.02 1.02 1.06 120.38 3.80 0.00 4.21 2.38
time (sec) N/A 0.348 0.338 0.294 28.612 0.288 0.000 0.288 15.088
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 249 19 15 20 22
N.S. 1 1.00 1.11 1.00 13.83 1.06 0.83 1.11 1.22
time (sec) N/A 0.191 1.779 0.182 0.612  0.257 0.750 0.305 13.059
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 118 18 15 18 20
N.S. 1 1.00 1.12 1.00 7.38 1.12 0.94 1.12 1.25
time (sec) N/A 0.177 0.068 0.002 0.440 0.265 0.443 0.428 0.002
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1092 1090 895 0 0 3050 0 0 0
N.S. 1 1.00 0.82 0.00 0.00 2.79 0.00 0.00 0.00
time (sec) N/A 2.379 6.730 0.000 0.000  0.512 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 1284 38 17 20 22
N.S. 1 1.00 1.11 1.00 71.33 2.11 0.94 1.11 1.22
time (sec) N/A 0.173 6.946 0.207 1.158 0.267 1.233 0.389 12.906

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 596 586 1118 0 0 1928 0 0 0

N.S. 1 0.98 1.88 0.00 0.00 3.23 0.00 0.00 0.00
time (sec) N/A 1.368 11.656 0.000 0.000 0.442 0.000 0.000 0.000

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 1261 38 17 20 22

N.S. 1 1.00 111 100 7006 211 094 111  1.22

time (sec) N/A 0.178 6.732  0.167 0.886 0.270 1.017 0.402 13.464

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 146 153 162 8871 525 0 195 340
N.S. 1 1.19 124 1.32 72.12 4.27 0.00 1.59 2.76
time (sec) N/A 0.702 1.064 0.292 25.253 0.304 0.000 0.299 17.646

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 4629 38 17 20 22
N.S. 1 1.00 1.11 1.00 257.17 2.11 0.94 1.11 1.22
time (sec) N/A 0.186 10.514 0.200 6.023 0.273 1.256 0.812 14.004

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 4550 44 19 20 22
N.S. 1 1.00 1.11 1.00 252.78 2.44 1.06 1.11 1.22
time (sec) N/A 0.191 6.98 0175 5773 0201 1195 0.416 14.692

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 3521 44 19 20 22

N.S. 1 1.00 111 100 19561 244  1.06 111  1.22

time (sec) N/A 0.180 9.394 0.175 5.741 0.291 1382 1.065 13.855

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 476 476 479 0 1512 0 0 0 0

N.S. 1 1.00 1.01 0.00 3.18 0.00 0.00 0.00 0.00

time (sec) N/A 0.750 0.149  0.000 0.508 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 348 348 351 0 966 0 0 0 0

N.S. 1 1.00 1.01 0.00 2.78 0.00 0.00 0.00 0.00

time (sec) N/A 0.557 0.087  0.000 0.466 0.000 0.000 0.000 0.000

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 220 220 223 0 540 0 0 0 0

N.S. 1 1.00 1.01 0.00 2.45 0.00 0.00 0.00 0.00
time (sec) N/A 0.400 0.062 0.000 0.406 0.000  0.000 0.000 0.000

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 106 18 15 18 20

N.S. 1 1.00 111 08 58 100 083 100 1.11

time (sec) N/A 0.172 3.043 0.527 0.666  0.263 1.609 0.323 13.804

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 110 18 17 18 20
N.S. 1 1.00 111 089 611 100 094 100 1.11
time (sec) N/A 0.176 12.006 0.531  0.702 0.258 1.282 0.360 13.753

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 749 756 739 0 6347 0 0 0 0
N.S. 1 1.01  0.99 0.00 8.47 0.00 0.00 0.00 0.00
time (sec) N/A 1.070 2.145 0.000 0.687  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 551 554 543 0 3879 0 0 0 0
N.S. 1 1.01  0.99 0.00 7.04 0.00 0.00 0.00 0.00
time (sec) N/A 0.855 1.264 0.000 0.614  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 355 358 347 0 1991 0 0 0 0
N.S. 1 1.01  0.98 0.00 5.61 0.00 0.00 0.00 0.00
time (sec) N/A 0.667 0.752  0.000 0.445 0.000 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 319 36 17 20 22
N.S. 1 1.00 1.10 0.90 15.95 1.80 0.85 1.00 1.10
time (sec) N/A 0.179 109.927 0.707 0.892 0.270 8294 0.456 13.429

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 321 36 19 20 22
N.S. 1 1.00 1.10 0.90 16.05 1.80 0.95 1.00 1.10
time (sec) N/A 0.182 74.353 0.784 1.090 0.266 2.171 0.585 13.485

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1041 1043 802 0 0 0 0 0 0

N.S. 1 1.00 0.77 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.719 1.661 0.000 0.000 0.000 0.000 0.000 0.000

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 781 783 608 0 0 0 0 0 0

N.S. 1 1.00 0.78  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.459 1.192 0.000 0.000  0.000 0.000 0.000 0.000

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 521 523 414 0 0 0 0 0 0

N.S. 1 1.00  0.79 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.124 1.106 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 241 19 17 20 22
N.S. 1 1.00 1.10 0.90 12.05 0.95 0.85 1.00 1.10
time (sec) N/A 0.180 3.497 0.563 0.826 0.267 2.133 0.304 13.865

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 110 18 17 18 20

N.S. 1 1.00 1.11 0.89 6.11 1.00 0.94 1.00 1.11
time (sec) N/A 0.176 0.074 0.002 0.702 0.266 1.270 0.365 0.002

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 3123 3124 3702 0 0 0 0 0 0

N.S. 1 1.00 119  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 4.346 15.373 0.000 0.000  0.000 0.000 0.000 0.000

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 2323 2324 2777 0 0 0 0 0 0

N.S. 1 1.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.349 13.737 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1523 1524 1767 0 0 0 0 0 0
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.709 15.265 0.000 0.000  0.000 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 4405 38 19 20 22
N.S. 1 1.00 1.10 0.90 220.25 1.90 0.95 1.00 1.10
time (sec) N/A 0.171 64.798 0.560 13.785 0.270 4.112 0.738 13.597
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 18 4406 44 20 20 22
N.S. 1 1.00 1.10 0.90 220.30  2.20 1.00 1.00 1.10
time (sec) N/A 0.176 49.629 0.603 20.356 0.286 9.593 0.946 13.185
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 284 284 281 0 738 0 0 0 0
N.S. 1 1.00 0.99 0.00 2.60 0.00 0.00 0.00 0.00
time (sec) N/A 0.469 0.233 0.000 0.439  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 158 158 155 0 374 0 0 0 0

N.S. 1 1.00  0.98 0.00 2.37 0.00 0.00 0.00 0.00
time (sec) N/A 0.328 0.130 0.000 0.414 0.000  0.000 0.000 0.000

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 32 31 41 58 50 71
N.S. 1 1.00 1.00 1.23 1.19 1.58 2.23 1.92 2.73
time (sec) N/A 0.175 0.073  0.325 0.232  0.290 1.242 0.352 15.745

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 16 112 25 19 18 20

N.S. 1 1.00 1.0 080 560 125 095 090  1.00

time (sec) N/A 0.172 22507 0.530 0.745 0.260 0.875 0.303 13.258

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 16 113 25 19 18 20

N.S. 1 1.00 110 080 565 125 095 090 1.00

time (sec) N/A 0.168 22.476 0.541 0.781 0.271 3.856 0.362 13.139

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 451 452 443 0 2869 0 0 0 0

N.S. 1 1.00  0.98 0.00 6.36 0.00 0.00 0.00 0.00

time (sec) N/A 0.751 1.487 0.000 0.535 0.000 0.000 0.000 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 255 256 247 0 1272 0 0 0 0

N.S. 1 1.00 0.97 0.00 4.99 0.00 0.00 0.00 0.00
time (sec) N/A 0.551 0.772 0.000 0.449 0.000  0.000 0.000 0.000

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B A B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 45 51 50 91 88 88 109
N.S. 1 1.00 0.96 1.09 1.06 1.94 1.87 1.87 2.32

time (sec) N/A 0.347 0.288 0.669 0.244 0.279 8777 0349 14.972

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 718 46 20 20 22
N.S. 1 1.00 109 082 3264 209 091 091  1.00
time (sec) N/A 0.183 72.660 0.795 1.580 0.283 1961 0.370 13.541

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 0 46 20 20 22
N.S. 1 1.00 1.09 0.82 0.00 2.09 0.91 0.91 1.00
time (sec) N/A 0.183 72.340 0.816 0.000 0.277  5.518 0.407 14.012

Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 653 655 513 0 0 0 0 0 0

N.S. 1 1.00 0.79 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.274 1.625 0.000 0.000 0.000 0.000 0.000 0.000

Problem 62 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 393 395 319 0 0 0 0 0 0

N.S. 1 1.01 0.81  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.025 3.035 0.000 0.000  0.000 0.000 0.000 0.000

Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 69 69 70 0 274 0 278 153
N.S. 1 1.01 1.01 1.03 0.00 4.03 0.00  4.09 2.25
time (sec) N/A 0.331 0.369 0.342 0.000 0329 0.000 0.289 14.629

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 243 27 20 20 22
N.S. 1 1.00 1.09 0.82 11.05 1.23 0.91 0.91 1.00
time (sec) N/A 0.178 5.084 0.569 0.861 0.265 2.221 0.366 13.163
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 244 27 20 20 22
N.S. 1 1.00 1.09 0.82 11.09 1.23 0.91 0.91 1.00
time (sec) N/A 0.182 5.167 0.483 1.091  0.271 6.474 0.405 13.336
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1925 1926 2254 0 0 0 0 0 0
N.S. 1 1.00 1.17 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.194 14.041 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1125 1126 1210 0 0 0 0 0 0
N.S. 1 1.00 1.08 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.252  9.273  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 127 152 163 162 0 574 0 196 330
N.S. 1 1.20 1.28 1.28 0.00 4.52 0.00 1.54 2.60
time (sec) N/A 0.666 0.996 0.343 0.000 0.328 0.000 0.305 18.695
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 0 48 22 20 22
N.S. 1 1.00 1.09 0.82 0.00 2.18 1.00 0.91 1.00
time (sec) N/A 0.181 44.623 0.565 0.000 0.280 5.915 1.040 13.754
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-1) N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 22 22 24 18 0 48 22 20 22
N.S. 1 1.00 1.09 0.82 0.00 2.18 1.00 0.91 1.00
time (sec) N/A 0.192 47.706 0.490 0.000 0.302 45.723 1.802 13.182
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 19 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.95 1.10 1.20
time (sec) N/A 0.239 4.199 0927 2363  0.269 47.827 0.757 12.910

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 44 44 38 159 0 60 0 0 104
N.S. 1 1.00 0.86 3.61 0.00 1.36 0.00 0.00 2.36
time (sec) N/A 0.214 0.110 0977  0.000 0.298 0.000 0.000 14.717
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 149 149 188 829 0 470 0 0 0
N.S. 1 1.00 1.26 5.56 0.00 3.15 0.00 0.00 0.00
time (sec) N/A 0.325 0.866 0.928 0.000  0.300 0.000 0.000 0.000
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 235 235 0 0 0 655 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 2.79 0.00 0.00 0.00
time (sec) N/A 0.428 0.000 0.000 0.000  0.343 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 79 56 54 276 0 113 0 0 180
N.S. 1 0.71  0.68 3.49 0.00 1.43 0.00 0.00 2.28
time (sec) N/A 0.446 0.487 4.020 0.000  0.307 0.000 0.000 15.510

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 221 148 347 1100 0 656 0 0 0
N.S. 1 0.67 157  4.98 0.00 2.97 0.00 0.00 0.00
time (sec) N/A 0.460 5.784 4.271 0.000 0.324 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 390 263 0 0 0 1032 0 0 0
N.S. 1 0.67  0.00 0.00 0.00 2.65 0.00 0.00 0.00
time (sec) N/A 0.637 0.000 0.000 0.000  0.362 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 87 80 80 314 0 300 0 0 223
N.S. 1 092 0.92 3.61 0.00 3.45 0.00 0.00 2.56
time (sec) N/A 0.427 0.853 0.497  0.000  0.320 0.000 0.000 15.280
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C F B F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 328 273 861 752 0 1268 0 0 0
N.S. 1 0.83  2.62 2.29 0.00 3.87 0.00 0.00 0.00
time (sec) N/A 0.872 2.362 0.659 0.000  0.529 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 485 404 0 0 0 1711 0 0 0
N.S. 1 0.83  0.00 0.00 0.00 3.53 0.00 0.00 0.00
time (sec) N/A 1.171 0.000 0.000 0.000  0.510 0.000 0.000 0.000
Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 157 159 191 638 0 628 0 0 461
N.S. 1 1.01 1.22 4.06 0.00 4.00 0.00 0.00 2.94
time (sec) N/A 0.810 1.687 1.716 0.000 0.322 0.000 0.000 18.234
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C F B F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 757 603 2450 3010 0 2503 0 0 0
N.S. 1 0.80 3.24 3.98 0.00 3.31 0.00 0.00 0.00
time (sec) N/A 1.481 10.692 1.736 0.000  0.569 0.000 0.000 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F B F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 1384 1119 0 0 0 3831 0 0 0
N.S. 1 0.81  0.00 0.00 0.00 2,77 0.00 0.00 0.00
time (sec) N/A 2.384 0.000 0.000 0.000  0.675 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [15] had the largest
ratio of [.750000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade i“:é’; uzi:e antlfaicr;:zlve leaf size integrand leaf size
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 14 0.143
6 | N/A 2 0 1.00 16 0.000
7 | N/A 2 0 1.00 16 0.000
A 5 4 0.99 18 0.222
9 | N/A 1 0 1.00 18 0.000
A 5 4 0.98 18 0.222
N/A 1 0 1.00 18 0.000
A 8 7 0.98 16 0.438
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
15| A 10 9 1.16 12 0.750
6| A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 5 4 0.98 18 0.222
N/A 1 0 1.00 18 0.000
A 7 6 1.02 16 0.375
N/A 1 0 1.00 18 0.000
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules

# | grade Slfff; uzg;e antlf:}rg:;we leaf size | mtegrand leaf size
N/A 2 0 1.00 16 0.000
A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 5 4 0.98 18 0.222
N/A 1 0 1.00 18 0.000
A 12 11 1.19 16 0.688
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
3] A 2 2 1.00 18 0.111
32| A 2 2 1.00 18 0.111
B3| A 2 2 1.00 16 0.125
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
36| A 5 4 1.01 20 0.200
37 A 5 4 1.01 20 0.200
By A 5 1 1.01 18 0.222
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
]| A 5 4 1.00 20 0.200
12| A 5 4 1.00 20 0.200
43| A 5 4 1.00 18 0.222
N/A 1 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
46| A 5 4 1.00 20 0.200
a| A 5 1 1.00 20 0.200
I 5 1 1.00 18 0.222
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
51| A 2 2 1.00 20 0.100
59| A 2 2 1.00 20 0.100
53| A 2 2 1.00 20 0.100

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
#ogade | s | wiawe | aidartotive | 0 | et alie
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
56/ A 5 4 1.00 22 0.182
57| A 5 4 1.00 22 0.182
58| A 8 7 1.00 22 0.318
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
61| A 5 4 1.00 22 0.182
62| A 5 4 1.01 22 0.182
63| A 7 6 1.01 22 0.273
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
66| A 5 4 1.00 22 0.182
67| A 5 4 1.00 22 0.182
68| A 12 11 1.20 22 0.500
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
N/A 2 0 1.00 20 0.000
72| A 2 2 1.00 20 0.100
73| A 2 2 1.00 22 0.091
74| A 2 2 1.00 22 0.091
75| A 9 8 0.71 22 0.364
76| A 6 5 0.67 24 0.208
77| A 6 5 0.67 24 0.208
78| A 8 7 0.92 22 0.318
79| A 6 5 0.83 24 0.208
80| A 6 5 0.83 24 0.208
81| A 13 12 1.01 22 0.545
82| A 6 5 0.80 24 0.208
83| A 0.81 24 0.208

2.3. Detailed conclusion table specific for Rubi results
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352  [vaz(a+bsec(c+dyz))dz . . . ...
353 [ atbsec(ctdya) 4.

L P
354 [ HESCIVE) qu
355 [l Gy
356 [ z%%(a+bsec (c+dﬁ))2 dT . . .
3.57 [ v/z(a+bsec (c+d\/5))2 dT . . .
358 [ left Se°(j;dﬁ))2 AT .
359 [tk VO g

360 [ (etbseclcidva)) g,

2572 Gl e e e e e e e e e e e e e e e e e e e e
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£3/2

BOL [ o a g G o
362 [ oipmteravm Q8 387
363 [ Cemrmragm GO
B4 [ s AT
365 [ rmrm e B e
3/2
3.66 [ (a+bse:\% AT AT
367 [ (a+bsec(0+d\[)) sdT . 407
368 [ NG (a+bsec =F Yok s AT AT5)
2.23 f —7 (a+bsef Cra ZZ .............................. :::
: T arbmeclerdya P BT
371 [(ex)™(a+bsec(c+dz™)dr . ... ... ... A3T]
3.72  [(ex)” 1+” (a +bsec(c+dz™)dr . . . ... A35]
3.713  [(ex)™™(a+bsec(c+dz™)dz . ... ... ... ... A70)
3.7 [(ex)'"(a+bsec(c+dz™)dx . ... ... A75)
3.75  [(ex) '™ (a + bsec (c+ dm"))2 dT . . . A50)
3.76 f(ex) 20 (g 4 bsec(c+de™))de . . ... A56]
377 [(ex) ™3 (a+bsec(c+de™))dr . . .. ... A62
378 [ ldm 68
379 [ dr Zye!
atbsec(c+da™)
380 [ odm 48T
381 [l sdr ey
382 [ lmmndr A6,
3.83 [ 506

(a+bsec(c+dz™))
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3.1 [ z°(a + bsec (¢ + dz?)) dz

3.1.1 Optimal result . . . . .. ... ... 531
3.1.2 Mathematica [A] (verified) . . . . . . . ... Bl
3.1.3 Rubi [A] (verified) . . . . . ... .. 52
3.14 Maple [F] . . . . .o 53]
3.1.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 53]
3.1.6 Sympy [F] . . . . . by
3.1.7 Maxima [F] . . . . . . Y!
3.1.8 Giac [F] . . . o e 55
3.1.9 Mupad [F(-1)] . . . . oo k%)

3.1.1 Optimal result

Integrand size = 16, antiderivative size = 143

6 ibz*arctan <ei(c+d"”2)> ibz? PolyLog (2, —iei(c+d-’”2))

ax
/z5(a+bsec (c+dw2)) dwz?— 7 + 7
ibz? PolyLog (2, iei(°+d“’2)>
_ =
bPolyLog (3, —z'e"(”d””z)) bPolyLog (3, iei(”d”z))
B d? * &3

e B

1/6%a*x~6-I*b*x"4*arctan(exp(I*(d*x~2+c)))/d+I*b*x~2*polylog(2,-I*exp(I*(d
‘*x‘2+c)))/d‘2—I*b*x‘2*polylog(2,I*exp(I*(d*x‘2+c)))/d‘2-b*polylog(3,-I*exp
‘(I*(d*x‘2+c)))/d‘3+b*polylog(3,I*exp(I*(d*x‘2+c)))/d‘3 J

output

3.1.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.02

6 ibr*arctan <eic+id””2> ibz? PolyLog (2, —iei(”dw?))

ar
/x5(a+bsec(c+dw2)) dx:?— y + 7
ibz? PolyLog (2, iei(c+d‘”2)>
P2
b PolyLog (3, —iei(c+d””2)) b PolyLog (3, iei(C’Ld””z))
- e * &

31.  [z°(a+bsec(c+dz?)) dz



input LInt [x"5%(a + b*Sec[c + d*x~2]),x]
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input | Integrate[x~5%(a + bxSeclc + d*x~21),x]

p
output‘ (a*x76)/6 - (I*bxx~4*ArcTan[E~(I*c + I*d*x~2)])/d + (I*b*x"2xPolyLogl[2, (-

| D*E~(Ix(c + d¥x72))1)/d"2 - (I*b*x~2%PolyLogl[2, I+E™(I*(c + d¥x~2))1)/d"2
| - (b¥PolyLog[3, (-I)*E~(I*(c + d*x~2))1)/d"3 + (b*PolyLog[3, I+E~(I*(c +
Ld*x‘2) )1)/d4°3

3.1.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used
integrand size

= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m5(a+bsec (c+da:2)) dz
l 2010

/ (aa:5 + bz’ sec (c+ dmz)) dx

l 2009
azb  ibztarctan (ei(°+d$2)) bPolyLog (3, —ie"(dw2+c)) bPolyLog (3, i€l (dw2+0)>
iba? PolyLog (2, —ie! (dw”c)) iba? PolyLog (2, iei(d”Q"‘c))
d? - d2

e

|

~—

e N

(a*x76)/6 - (I*b*x~4*ArcTan[E~(I*(c + d*x~2))])/d + (I*b*x"2xPolyLogl[2, (-
\I)*E*(I*(c + d*x~2))])/d"2 - (Ixb*x~2*PolyLog[2, I*E~(I*(c + d*x~2))])/d"2
‘ - (b*PolyLog[3, (-I)*E~(I*(c + d*x~2))])/d"3 + (b*PolyLogl[3, I*E~(I*(c +
d*x~2))])/d"3

N\ J

31.  [z°(a+bsec(c+dz?)) dz
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3.1.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))“(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘

3.1.4 Maple [F]

/z5(a+bsec (dz* +¢)) dz

-/

input Lint (x~5* (atb*sec(d*x"2+c)) ,x)

output Lint (x~5*(a+b*sec(d*x~2+c)) ,x) J

3.1.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 495 vs. 2(115) = 230.

Time = 0.31 (sec) , antiderivative size = 495, normalized size of antiderivative = 3.46

/z5(a + bsec (c + dzz)) dz
_ 2ad?s% — 6ibdx®Lis (i cos (dz? + ¢) + sin (dz? + ¢)) — 6 bdz*Lis (i cos (dz? 4 ¢) — sin (dz® + ¢)) + 6i bda

input Lintegrate (x~5*(atb*sec(d*x~2+c)),x, algorithm="fricas") J

31.  [z°(a+bsec(c+dz?)) dz
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output | 1/12*(2*a*d~3*x~6 - 6*Ixbxd*x~2*dilog(I*cos(d*x~2 + c) + sin(d*x"2 + c)) -
6xIxb*xd*x~2xdilog(I*cos(d*x"2 + c) - sin(d*x"2 + c)) + 6*Ixbxd*x~2*dilog(
-Ixcos(d*x"2 + c) + sin(d*x"2 + c)) + 6*Ixb*d*x"2xdilog(-I*cos(d*x~2 + c)

- sin(d*x”2 + c)) + 3*b*c”2*log(cos(d*x~2 + c) + I*sin(d*x"2 + c) + I) - 3
*bxc~2x1log(cos(d*x~2 + c) - I*ksin(d*x"2 + c) + I) + 3*bxc™2*xlog(-cos(d*x~2
+ c) + I*sin(d*x"2 + c) + I) - 3xb*c”™2*log(-cos(d*x”"2 + c) - I*sin(d*x"2
+ ¢c) + I) + 3%(b*d"2*x"4 - b*c~2)*log(I*cos(d*x"2 + c) + sin(d*x"2 + c) +

1) - 3%(b*d"2*x"4 - b*c~2)*log(I*cos(d*x"2 + c) - sin(d*x"2 + c) + 1) + 3%
(b*d"2%x~4 - b*c"2)*log(-I*cos(d*x"2 + c) + sin(d*x"2 + c) + 1) - 3*(bxd"2
*x"4 - bxc”2)*log(-I*cos(d*x~2 + c) - sin(d*x"2 + c) + 1) - 6%b*polylog(3,
Ixcos(d*x"2 + c) + sin(d*x"2 + c)) + 6*bxpolylog(3, I*cos(d*x"2 + c) - si
n(d*x"2 + c)) - 6*b*polylog(3, -Ixcos(d*x~2 + c) + sin(d*x"2 + c)) + 6xbxp
olylog(3, -I*cos(d*x"2 + c) - sin(d*x"2 + c)))/d"3

3.1.6 Sympy [F]

/:vs(a—l—bsec (c+dx2)) dx=/ac5(a—|—bsec (c+dx2)) dx

p
input

integrate (x**5* (a+b*sec (d*x**2+c)) ,x)

N\

outputLIntegral(x**S*(a + bxsec(c + d¥x**2)), x)

3.1.7 Maxima [F]

/ac5(a+bsec (c+dz?)) dxz/(bsec (dz® +¢) + a)z’ dz

p
inputLintegrate(x“S*(a+b*sec(d*x*2+c)),x, algorithm="maxima")

-/

output‘1/6*a*x‘6 + 2+bxintegrate ((x"5*cos(2*d*x~2 + 2*c)*cos(d*x~2 + c) + x"b*sin
‘(2*d*x‘2 + 2%c)*sin(d*x”~2 + c) + x"5*cos(d*x~2 + c))/(cos(2xd*x~2 + 2*c) "2
+ sin(2*d*x"2 + 2%c)~2 + 2%cos(2*d*x~2 + 2*c) + 1), x)

N

31.  [z°(a+bsec(c+dz?)) dz
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3.1.8 Giac [F]

/z5(a+bsec (c+dx2)) dxz/(bsec (dx2+c) —|—a,)x5dx

input Lintegrate (x~5* (atb*sec(d*x"2+c)) ,x, algorithm="giac")

output Lintegrate((b*sec(d*x‘Q + c) + a)*x”5, x)

3.1.9 Mupad [F(-1)]

Timed out.

b
5 2 = ° cos (dz2 + ¢)
/x (a+bsec (c+ dz?)) d@"—/x (a+cos(dx2+c)) &

input Lint(x‘S*(a + b/cos(c + d*x~2)),x)

output Lint(x”S*(a + b/cos(c + d*x~2)), x)

31.  [z°(a+bsec(c+dz?)) dz
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3.2 [ z*(a+ bsec(c + dz?)) dx

3.21 Optimalresult . .. ... ... .. . 50l
3.2.2 Mathematica [N/JA] . . . . ... . . L b13}
3.23 Rubi [N/A] . . . . BT
3.24 Maple [N/A] (verified) . . . . . . . . ... bY
3.2.5 Fricas [N/A] . . . . . bY
3.2.6 Sympy [N/A] . ... B
3.27 Maxima [N/A] . . . . ... bY¢)
328 Giac [N/A] . . . . o bY¢)
3.29 Mupad [N/A] . . . 59

3.2.1 Optimal result

Integrand size = 16, antiderivative size = 16

5
/x4(a + bsec (c+ dz?)) dz = % + bInt(z* sec (¢ + dz?) , z)

-

output Ll/5*a*x‘5+b*Unintegrab1e (x"4*sec(d*x~2+c) ,x)

~—

3.2.2 Mathematica [N/A]

Not integrable

Time = 1.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x“(a—l—bsec (c+dz?)) dx:/x4(a+bsec (c+dz?)) dz

input LIntegrate [x"4x(a + bxSec[c + d*x~2]),x] J

e

output tIntegrate [x~4*(a + b*Sec[c + d*x"2]), x]

~—

32.  [z*(a+bsec(c+dz?)) dz
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3.2.3 Rubi [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ac4(a + bsec (c + dac2)) dz
l 2010
/ (ax4 + bz sec (c+ dxz)) dx

l 2009

5

b/:v4sec (dw2+c) da:—i-%

input LInt [x~4*(a + b*Sec[c + d*x~2]),x]

output L$Aborted

3.2.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

32.  [z*(a+bsec(c+dz?)) dz
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3.2.4 Maple [N/A] (verified)

Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/x4(a+bsec (dz* +¢)) dz

input Lint (x~4#* (atb*sec(d*x"2+c)) ,x)

output Lint (x~4* (a+b*sec(d*x~2+c) ) ,x)

-/

3.2.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/x4(a+bsec (c+dz?)) dw:/(bsec (dz® +¢) + a)z* dz

inputtintegrate(x‘4*(a+b*sec(d*x“2+c)),x, algorithm="fricas")

outputLintegral(b*x‘4*sec(d*x‘2 + c) + a*x"4, x)

3.2.6 Sympy [N/A]
Not integrable

Time = 2.14 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/x4(a+bsec (c+dz?)) dx=/x4(a+bsec (c+dz?)) dz

input Lintegrate (x**4x* (atbxsec (d*x**2+c)) ,x)

outputtlntegral(x**4*(a + b*sec(c + d*x**2)), x)

32.  [z*(a+bsec(c+dz?)) dz
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3.2.7 Maxima [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 115, normalized size of antiderivative = 7.19

/x4(a+bsec (c+dz?)) dxz/(bsec (dz® +¢) +a)z' dz

inputLintegrate(x‘4*(a+b*sec(d*x‘2+c)),x, algorithm="maxima")

output‘1/5*a*x“5 + 2xbkxintegrate((x"4*cos(2xd*x~2 + 2xc)*cos(d*x”2 + c) + x"4*sin
‘(2*d*x”2 + 2%c)*sin(d*x~2 + c) + x"4*cos(d*x~2 + c))/(cos(2%d*x"2 + 2%c)~2
‘ + sin(2*%d*x”2 + 2%c)”2 + 2*cos(2xd*x"2 + 2*c) + 1), x)

3.2.8 Giac [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x4(a+bsec (c+dz?)) dxz/(bsec (dz® +¢) +a)z' dz

input Lintegrate (x~4*(atb*sec(d*x~2+c)) ,x, algorithm="giac")

output Lintegrate((b*sec(d*x‘? + c) + a)*x"4, x)

3.2.9 Mupad [N/A]

Not integrable

Time = 13.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

4 2 _ 4 b
/x (a—l—bsec(c—i—da: )) da:—/m (a+cos(d:c2—|—c)) dx

input Lint(x‘4*(a + b/cos(c + d*x~2)),x)

—

output Lint (x"4x(a + b/cos(c + d*x"2)), x)

32.  [z*(a+bsec(c+dz?)) dz
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3.3 [ z*(a + bsec (¢ + dz?)) dx

3.3.1 Optimalresult . .. ... ... .. ... .. 60]
3.3.2 Mathematica [A] (verified) . . . . . . .. ... .. 60
3.3.3 Rubi [A] (verified) . . . . . . ... 611
3.34 Maple [F] . . . . . 62
3.3.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 62
3.36 Sympy [F] . . . . o 63
3.3.7 Maxima [F] . . .. . . 63
338 Giac [F] . . . 63
3.39 Mupad [F(-1)] . . . . oo 64

3.3.1 Optimal result

Integrand size = 16, antiderivative size = 92

4 ibx?arctan (ei(c+d””2))

/x3(a+bsec(c+d:c2)) d:c:%— y
ib PolyLog (2, —z‘ei<c+dz2>) ib PolyLog (2, z‘ei(cm?))
* 2d? B 242

output‘1/4*a*x‘4-I*b*x‘2*arctan(exp(I*(d*x‘2+c)))/d+1/2*I*b*polylog(2,-I*exp(I*(d
L*x‘2+c)))/d‘2—1/2*I*b*polylog(2,I*exp(I*(d*x‘2+c)))/d‘2

3.3.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.03

4 ibx?arctan ( efctide®
/m3(a+bsec(c+dx2)) d;p:%_ d< )

ib PolyLog (2, —z’e"<°+dﬂ”2>) ib PolyLog (2, iei<c+dw2)>
2d? - 242

+

input LIntegrate [x~3*(a + b*Sec[c + d*x~2]),x]

Output‘ (a*x~4)/4 - (Ixbxx~2xArcTan[E~(I*c + I*d*x~2)])/d + ((I/2)*b*PolyLogl2, (-
‘I)*E*(I*(c + d*x~2))]1)/d"~2 - ((I/2)*b*PolyLogl[2, I*E~(I*(c + d*x~2))])/d"2

33.  [z(a+bsec(c+dz?)) dz
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3.3.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 2, Bumber of rules _ , 195 Ryjeg ysed = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x3(a+bsec (c+dm2)) dx
l 2010

/ (ax3 + bz® sec (c+ dwz)) dx

l 2009
azt ibz?arctan (ei(c+d’”2)) ib PolyLog (2, —iei(dszrc)) ib PolyLog (2, iei(d””2+c))
e d + 2f2 - 28

input LInt [x~3*(a + b*Sec[c + d*x~2]),x]

output‘(a*x“4)/4 - (Ixb*x~2*%ArcTan[E~(I*(c + d*x~2))])/d + ((I/2)*b*PolyLogl[2, (-
‘I)*E‘(I*(c + d*x"2))]1)/d"2 - ((I/2)*b*PolyLog[2, I*E~(I*(c + d*x~2))])/d"2

3.3.3.1 Defintions of rubi rules used

rule 2009

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

33.  [z(a+bsec(c+dz?)) dz
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3.3.4 Maple [F]

/x3(a+bsec (dz* +¢)) dz

inputLint(x‘3*(a+b*sec(d*x‘2+c)),x) J

-

outputLint(x‘S*(a+b*sec(d*x‘2+c)),X)

~—

3.3.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 346 vs. 2(68) = 136.

Time = 0.31 (sec) , antiderivative size = 346, normalized size of antiderivative = 3.76

/z3(a + bsec (c+ dz?)) dz
_ad’z* — belog (cos (dz? + ¢) + i sin (da? + ¢) + ©) + belog (cos (da® + ¢) — i sin (da? + ¢) + 1) — belog (-

inputLintegrate(x‘3*(a+b*sec(d*x“2+c)),x, algorithm="fricas") J

e N

output | 1/4*(a*d~2*x"4 - b*c*log(cos(d*x~2 + c) + I*sin(d*x"2 + c) + I) + b*cxlog(
cos(d*x"2 + c) - Ixsin(d*x"2 + c) + I) - b*cxlog(-cos(d*x~2 + c) + I*sin(d
*x"2 + c) + I) + bxc*log(-cos(d*x"2 + c) - Ixsin(d*x~2 + c) + I) - Ixbxdil
og(I*cos(d*x~2 + c) + sin(d*x”2 + c)) - I*bxdilog(I*cos(d*x”2 + c) - sin(d
*x"2 + c)) + Ixb*dilog(-I*cos(d*x~2 + c) + sin(d*x"2 + c)) + I*b*dilog(-I*
cos(d*x"2 + c) - sin(d*x"2 + c)) + (b*d*x"2 + b*c)*log(I*cos(d*x"2 + c) +

sin(d*x"2 + c) + 1) - (b*d*x~2 + b*c)*log(I*cos(d*x"2 + c) - sin(d*x"2 + ¢
) + 1) + (b*d*x"2 + b*c)*log(-I*cos(d*x"2 + c) + sin(d*x"2 + ¢c) + 1) - (b*
d*x”2 + bxc)*log(-I*cos(d*x"2 + c) - sin(d*x"2 + c) + 1))/d"2

33.  [z(a+bsec(c+dz?)) dz
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3.3.6 Sympy [F]

/x3(a+bsec (c+dx2)) dx=/x3(a—|—bsec (c+dx2)) dx

input Lintegrate (x**3* (at+b*sec (d*x**2+c)) ,x)

output LIntegral(x**S*(a + bksec(c + d*x**2)), x)

3.3.7 Maxima [F]

/w3(a+bsec (c+dz?)) dwz/(bsec (dz® +¢) + a)z’ dz

p
inputtintegrate(x‘3*(a+b*sec(d*x‘2+c)),x, algorithm="maxima")

e—

p

output\ 1/4*a*x~4 + 2xbkxintegrate((x~3*cos(2*d*x~2 + 2*c)*cos(d*x”2 + c) + x"3*sin
‘(2*d*x“2 + 2%c)*sin(d*x"2 + c) + x"3*cos(d*x"2 + c))/(cos(2*%d*x"2 + 2%c)~2
\ + sin(2%d*x~2 + 2%c)~2 + 2%cos(2xd*x~2 + 2%c) + 1), x)

———————

3.3.8 Giac [F]

/x3(a+bsec (c+dz?)) dx:/(bsec (dz® +¢) + a)z’ dz

inputtintegrate(x‘3*(a+b*sec(d*x“2+c)),x, algorithm="giac")

outputLintegrate((b*sec(d*x‘2 + c) + a)*x”3, x)

33.  [z(a+bsec(c+dz?)) dz
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3.3.9 Mupad [F(-1)]

Timed out.

/x3(a+ bsec (c+ dz?)) dz =

/w3 (a+cos(

dz?+c

b

() ds

input Lint(x"B*(a + b/cos(c + d*x72)),x)

output Lint(x"B*(a + b/cos(c + d*x"2)), x)

33.  [z(a+bsec(c+dz?)) dz
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3.4 [ z*(a + bsec (¢ + dz?)) dz

34.1 Optimalresult . .. ... ... . .. ... 651
3.4.2 Mathematica [N/JA] . . .. ... .. L 65
343 Rubi [N/A] . . . . 66
3.4.4 Maple [N/A] (verified) . . . . . . . .. . 67
3.4.5 Fricas [N/A] . . . . o 67
3.4.6 Sympy [N/A] . . .. 67
347 Maxima [N/A] . . . . . 68
348 Giac [N/A] . . . . o 68
349 Mupad [N/A] . . oo 68

3.4.1 Optimal result

Integrand size = 16, antiderivative size = 16

3
/xQ(a + bsec (c+ dz?)) dz = % + bInt(z® sec (¢ + dz?) , z)

-

output Ll/3*a*x‘3+b*Unintegrab1e (x"2*sec(d*x~2+c) ,x)

~—

3.4.2 Mathematica [N/A]

Not integrable

Time = 0.89 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/xz(a—l—bsec (c+dz?)) dx:/xz(a+bsec (c+dz?)) dz

input LIntegrate [x"2x(a + bxSec[c + d*x~2]),x] J

e

output tIntegrate [x~2*(a + b*Sec[c + d*x"2]), x]

~—

34.  [z*(a+bsec(c+dz?)) dz
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3.4.3 Rubi [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ac2(a + bsec (c + dac2)) dz
l 2010
/ (az? + bz? sec (c + dxz)) dx

l 2009

3

b/aczsec(dacQ-I—c)dac-l—a;7

input LInt [x~2*(a + b*Sec[c + d*x~2]),x]

output L$Aborted

3.4.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

34.  [z*(a+bsec(c+dz?)) dz
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3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.15 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/xQ(a-l—bsec (dz* +¢)) dz

input Lint (x~2* (atb*sec(d*x"2+c)) ,x)

output Lint (x~2* (a+b*sec (d*x~2+c) ) ,x)

-/

3.4.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/xQ(a—i-bsec (c+dz?)) dw:/(bsec (dz? +¢) + a)z* dz

inputtintegrate(x‘2*(a+b*sec(d*x“2+c)),x, algorithm="fricas")

outputLintegral(b*x‘2*sec(d*x‘2 + c) + a*x"2, x)

3.4.6 Sympy [N/A]
Not integrable

Time = 1.84 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/xz(a+bsec (c+dz?)) dx=/x2(a+bsec (c+dz?)) dz

input Lintegrate (x**2% (atb*sec (d*x**2+c)) ,x)

outputtlntegral(x**2*(a + b*sec(c + d*x**2)), x)

34.  [z*(a+bsec(c+dz?)) dz
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3.4.7 Maxima [N/A]

Not integrable

Time = 0.33 (sec) , antiderivative size = 115, normalized size of antiderivative = 7.19

/xQ(a—l—bsec (c+dz?)) dxz/(bsec (dz® +¢) + a)z* dz

inputLintegrate(x‘2*(a+b*sec(d*x‘2+c)),x, algorithm="maxima")

output‘1/3*a*x“3 + 2xbkxintegrate((x"2*cos(2xd*x~2 + 2xc)*cos(d*x”2 + c) + x"2*sin
‘(2*d*x”2 + 2%c)*sin(d*x~2 + c) + x"2*cos(d*x~2 + c))/(cos(2*d*x"2 + 2%c)~2
‘ + sin(2*%d*x”2 + 2%c)”2 + 2*cos(2xd*x"2 + 2*c) + 1), x)

3.4.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/xQ(a—i-bsec (c+dz?)) dxz/(bsec (dz® +¢) + a)z* dz

input Lintegrate (x~2*(atb*sec(d*x~2+c)) ,x, algorithm="giac")

output Lintegrate((b*sec(d*x‘? + c) + a)*x"2, x)

3.4.9 Mupad [N/A]

Not integrable

Time = 13.91 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

2 2 _ 2 b
/x (a—l—bsec(c—i—da: )) da:—/m (a+cos(d:c2—|—c)) dx

input Lint(x‘Q*(a + b/cos(c + d*x~2)),x)

—

output Lint(x”2*(a + b/cos(c + d*x~2)), x)

34.  [z*(a+bsec(c+dz?)) dz
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3.5 [ z(a + bsec (c + dz?)) dz

3.5.1 Optimalresult . .. ... ... . .. ... 69]
3.5.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 69
3.5.3 Rubi [A] (verified) . . ... ... ... V)
3.5.4 Maple [A] (verified) . .. ... .. ... .. (1]
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... (71l
3.5.6 Sympy [B] (verification not implemented) . . ... ... ... ........ 72
3.5.7 Maxima [A] (verification not implemented) . .. .. ... ... ....... 72
3.5.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 72
3.5.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 73

3.5.1 Optimal result

Integrand size = 14, antiderivative size = 26

2 . 9
/z(a + bsec (¢ + dz?)) dz = % n barctanh(s;l (c+ dz?))

-

output Ll/z*a*x‘2+1/2*b*arcta.nh(sin (d*x~2+c))/d

~—

3.5.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

2 . 9
/x(a + bsec (¢ + dz?)) dz = % n barctanh(s;l (c+ dzx?))

e

input LIntegrate [x*(a + b*Sec[c + d*x~2]),x]

-/

outputt(a*x“Q)/Q + (b*ArcTanh[Sin[c + d*x~2]1)/(2xd)

~—

35.  [z(a+bsec(c+ dz?)) dz



CHAPTER 3. LISTING OF INTEGRALS 70

3.5.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 143 Ryjeg used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ac(a-l—bsec (c+dx2)) dz
l 2010
/(a:c+b:csec (c+dm2))dx

l 2009

az? _ barctanh(sin (c + dz?))
o T 2d

Int[x*(a + b*Sec[c + d*x~2]),x]

N J

output| (a*x~2)/2 + (b*ArcTanh[Sin[c + d*x~211)/(2+d) |

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

p
rule 2010‘Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]

3.5.3.1 Defintions of rubi rules used

~

-

, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

~

35.  [z(a+bsec(c+ dz?)) dz
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3.54

Time = 0.25 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.23

Maple [A] (verified)

method result size
ax2 bln(sec(d x2+c) +tan(dx2+c))

parts o+ 2 32

2 2 2
derivativedivides (d2? tc)atblin(sec (‘;; +c)ttan(dz?+c)) 36
default (d2+0)a+bln(sec(da’ +<) ttan(da’+<)) 36
z2 | ¢ 22 | ¢

parallelrisch wdo’ b <tan<dT+ 5) ;;) o (tan(dT+§) H) 46
az2 bln(tan(¢+§)—l) bln(tan(#—i—%)-}-l)

norman er _ = + =z 48

isch az? bln(ei(dw2+c> +i> bln (ei(d$2+6) —i)
risc S+ 3d - 5 50

input Lint (x* (at+b*sec(d*x~2+c)) ,x,method=_RETURNVERBOSE)

output L1/2*a*x"2+1/2*b/d*1n(sec (d*x~2+c)+tan(d*x~2+c))

3.5.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.62

/m(a-}-bsec (c+d:c2)) dz

_ 2adz® + blog (sin (dz? 4 ¢) 4+ 1) — blog (—sin (dz? + ¢) + 1)

4d

input ‘ integrate (x* (a+b*sec(d*x~2+c)) ,x, algorithm="fricas")

outputtl/4*(2*a*d*x"2 + b*log(sin(d*x”2 + c) + 1) - b*log(-sin(d*x"2 + c) + 1))/d

J

3.5.

[ z(a+ bsec (¢ + dz?)) dz
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3.5.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 42 vs. 2(20) = 40.

Time = 2.54 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.62

a(ctda?) tblog (tan (ctda?) tsec (ctda?)) g 0
/x(a+bsee (c+da?)) dz = ! .

P (atbsec(c)) (a+b25ec ©) otherwise

input‘integrate(x*(a+b*sec(d*x**2+c)),X)

output‘Piecewise(((a*(c + d*xx**2) + bxlog(tan(c + d*x**2) + sec(c + d*x**2)))/(2*
'), Ne(d, 0)), (xxx2x(a + bxsec(c))/2, True))

3.5.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.19

2 2
/x(a+bsec (c+da?)) dz = %awz—l— blog (sec (dz —l-g)d—l— tan (dz? + c))

p
inputLintegrate(x*(a+b*sec(d*x“2+c)),x, algorithm="maxima"

| —

outputtl/2*a*x‘2 + 1/2xb*log(sec(d*x”2 + c) + tan(d*x"2 + c))/d

3.5.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 50 vs. 2(22) = 44.

Time = 0.30 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.92

/a:(a—i—bsec (c+dz?)) dz

(dz? 4 c)a + blog (|tan (3 dz? + 1 ¢) +1|) — blog (|tan (2 dz? + 1c) — 1|)
2d

inputLintegrate(x*(a+b*sec(d*x‘2+c)),x, algorithm="giac")

output‘ 1/2%((d*x~2 + c)*a + bxlog(abs(tan(1/2*d*x~2 + 1/2xc) + 1)) - b*log(abs(ta
‘n(1/2*d*x“2 + 1/2%c) - 1)))/d

35.  [z(a+bsec(c+ dz?)) dz
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3.5.9 Mupad [B] (verification not implemented)

Time = 0.55 (sec) , antiderivative size = 67, normalized size of antiderivative = 2.58

bln _bx21_2bxedm21iecli

2 _agx? ( >

/m(a+bsec(c+dx)) dr = 5 + —
bln(bm2i_2bxedag21iecli>

2d

input Lint(x*(a + b/cos(c + d*x~2)),x)

~—

.
output‘ (a*x72)/2 + (b*log(- b*x*2i - 2¥bkx*exp(d*x~2x1i)*exp(c*1i)))/(2xd) - (b*l
|og(bHx*2i ~ 2#bkxrexp(dkx~2%11)*exp(ck1i)))/(2+d)

——

35.  [z(a+bsec(c+ dz?)) dz
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3.6 f a+bsec(c+dz?) da

X

3.6.1 Optimalresult . . .. ... ... . . ... .
3.6.2 Mathematica [N/A] . . . . . . ..
3.6.3 Rubi [N/A] . . . . .
3.6.4 Maple [N/A] (verified) . . . . . . ... ..
3.6.5 Fricas [N/A] . . . . .
3.6.6 Sympy [N/A] . . .
3.6.7 Maxima [N/A] . . . . .
3.6.8 Giac [N/A] . . . . . .
3.6.9 Mupad [N/A] . . . .

3.6.1 Optimal result

Integrand size = 16, antiderivative size = 16

/a-l—bsec (c+ dz?)

2
. dz = alog(z) + bInt (M, x)

T

output La*ln (x)+b*xUnintegrable (sec(d*x~2+c) /x,x)

3.6.2 Mathematica [N/A]

Not integrable

Time = 1.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bsec(c+dx2) dm_/a-l—bsec(c-l—dﬁ)

T T

.
input Integrate[(a + b*Sec[c + d*x~2])/x,x]

N\

output LIntegrate[(a + b*Sec[c + d*x~2])/x, x]

3.6. f a+bsec (c+dx2) dz

T
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3.6.3 Rubi [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a—i—bsec (c+dm2) i

“i
X
l2010
2
/ <a N bsec (c—i-dac )) de
X X
l2009

b sec (dac2 + c)
[0

dz + alog(z)

input LInt[(a + bxSec[c + d*x~2])/x,x] J

$Aborted

N\ J

output

3.6.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

N

3.6. f a+bsec (c+dx2) dx

T
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3.6.4 Maple [N/A] (verified)

Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a—|—bsec (dz? + c)

T

dz

input Lint ((a+b*sec(d*x~2+c))/x,x)

outputLint((a+b*sec(d*x“2+c))/x,x)

3.6.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+bseca§c+dx )dxz/bsec(dxx+c)+adx

inputLintegrate((a+b*sec(d*x“2+c))/x,x, algorithm="fricas")

output Lintegral((b*sec(d*x’? +c) + a)/x, x)

3.6.6 Sympy [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

dz

/a+bsec(c+d:c2) dx_/a+bsec(c+dz2)

T T

inputkintegrate((a+b*sec(d*x**2+c))/x,x)

output tIntegral((a + b*sec(c + d*x**2))/x, x)

3.6. f a+bsec (c+dx2) dz

T
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3.6.7 Maxima [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 108, normalized size of antiderivative = 6.75

dz

/a+bsec(c+dx2) dw_/bsec(dx2+c)+a

T T

inputLintegrate((a+b*sec(d*x“2+c))/x,x, algorithm="maxima"

output‘2*b*integrate((cos(2*d*x‘2 + 2xc)*cos(d*x"2 + c) + sin(2*d*x"2 + 2x*c)*sin(
‘d*x‘2 + c) + cos(d*x"2 + c))/(x*cos(2*%d*x"2 + 2%c)~2 + x*sin(2*d*x"2 + 2%c
‘)‘2 + 2xx*cos(2*d*x"2 + 2%c) + x), x) + axlog(x)

3.6.8 Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/a+bsec(c+dx2) dx_/bsec(dx2+c)+adm

Z Z

inputtintegrate((a+b*sec(d*x‘2+c))/x,x, algorithm="giac")

output Lintegrate((b*sec(d*x‘z +c) +a)/x, x)

3.6.9 Mupad [N/A]

Not integrable

Time = 14.50 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ a + bsec (c + dz?) dr — / a+ cos(dl;_2+c) dz

T T

input Lint((a + b/cos(c + d*x~2))/x,x)

—

output Lint((a + b/cos(c + d*x~2))/x, x)

3.6. f a+bsec (c+dx2) dz

T
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3.7 f a+bsec(c+dz?) da

72
3.7.1 Optimalresult . . .. ... ... ... .. . 78]
3.7.2 Mathematica [N/A] . . . . . . . . 78]
373 Rubi [N/A] . . oo oo 79
3.74 Maple [N/A] (verified) . . . . . . . ... . R0
3.7.5 Fricas [N/A] . . . . . R0
3.76  Sympy [N/A] . . . R0
3.7.7 Maxima [N/A] . . . . . o 8Tl
3.7.8 Giac [N/A] . . . . . &1
3.79 Mupad [N/A] . . . &1

3.7.1 Optimal result

Integrand size = 16, antiderivative size = 16

/a—l—bsec (c+ dz?)

2

xr2

output L—a/x+b*Unintegrab1e (sec(d*x~2+c) /x"2,%) J

3.7.2 Mathematica [N/A]

Not integrable

Time = 0.87 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bsec(c+dx2) dm_/a-l—bsec(c-l—dﬁ)

T2 2

( hY

input  Integrate[(a + b*Sec[c + d*x~2])/x"2,x]

N\

output LIntegrate[(a + b*Sec[c + d*x"2])/x72, x] J

3.7. f a+bsec (c+dx2) dz

x2
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3.7.3 Rubi [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/a—i—bsec(zc—i-dx)dx
T
l2010
2
/((12+bsec(c;}-dx)>dm
T T
l2009
2
b/sec(dmz—i-c)dx_a
T T

input LInt[(a + b*Sec[c + d*x~2])/x"2,x]

output | $Aborted

N\

3.7.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.7. f a+bsec (c+dx2) dx

x2
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3.7.4 Maple [N/A] (verified)

Not integrable

Time = 0.15 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a—|—bsec (dz? + c)

x2

dz

input Lint ((a+b*sec(d*x~2+c))/x"2,x)

output Lint ((a+b*sec(d*x"2+c))/x"2,%)

3.7.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+bsec(c+dx )dxz/bsec(dx +C)+adm

2 2

inputLintegrate((a+b*sec(d*x“2+c))/x“2,x, algorithm="fricas")

outputLintegral((b*sec(d*x“Q + c) +a)/x"2, x)

3.7.6 Sympy [N/A]
Not integrable

Time = 0.42 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

dz

/a+bsec(c+d:c2) dx_/a+bsec(c+dz2)

2 2

inputtintegrate((a+b*sec(d*x**2+c))/x**2,x)

-

output tIntegral((a + bksec(c + d*x**2))/x**2, x)

e—

3.7. f a+bsec (c+dx2) dz

x2
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3.7.7 Maxima [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 118, normalized size of antiderivative = 7.38

2 2
/a+bsec(c+dx )dw:/bsec(dx +C)+adz

x2 x2

inputLintegrate((a+b*sec(d*x“2+c))/x‘2,x, algorithm="maxima"

output‘2*b*integrate((cos(2*d*x‘2 + 2xc)*cos(d*x"2 + c) + sin(2*d*x"2 + 2x*c)*sin(
‘d*x‘2 + ¢c) + cos(d*x™2 + c))/(x"2xcos(2*d*x"2 + 2%c)"2 + x"2*xsin(2*d*x"2 +
| 2%C)"2 + 2kx"2%cos(2%d*x"2 + 2%c) + x72), X) - a/x

3.7.8 Giac [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/a+bsec(c+dx2) dx_/bsec(dx2+c)+adm

2 2

inputtintegrate((a+b*sec(d*x‘2+c))/x‘2,x, algorithm="giac")

output Lintegrate((b*sec(d*x‘z +c) +a)/x"2, x)

3.7.9 Mupad [N/A]

Not integrable

Time = 13.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ a + bsec (c + dz?) dr — / a+ cos(dl;_2+c) dz

x2 2

input Lint((a + b/cos(c + d*x~2))/x"2,x)

—

output Lint((a + b/cos(c + d*x72))/x"2, x)

3.7. f a+bsec (c+dx2) dz

x2



output
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3.8 [ 2%(a + bsec (c + dx?))’ d

3.8.1 Optimalresult . . .. ... ... . .. ... ... 821
3.8.2 Mathematica [A] (verified) . . . . . . . ... . o ]3]
3.8.3 Rubi [A] (verified) . . .. . ... . B3
3.84 Maple [F] . . . . . . 85
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 85
3.8.6 Sympy [F] . . . . . 361
3.8.7 Maxima [F] . . ... . .. 87
3.88 Giac [F] . . . . . 87
3.89 Mupad [F(-1)] . . . . o 87

3.8.1 Optimal result

Integrand size = 18, antiderivative size = 242

g9 4 2.6 2iabz*arctan (et(ctdr’)
/51:5(a—|—bsec(c—i—dgvz))2 dz:—lb2:; _|_ag _ ; ( )
b%z? log (1 + ezi(c*'d”’Q))
a2
9iaba? PolyLog (2, _z'ei<c+dw2>)
a2
2iabz? PolyLog (2, iei(”dﬂ))
2
ib? PolyLog (2, —e2i(c+d‘”2)>
2d3
2ab PolyLog (3, —ie"(”de))
B
2ab PolyLog <3’ iei(ﬁdﬁ)) b*z* tan (c + dz”)
e - 2d

_.|_

_+_

+

-1/2*I*b~2*x~4/d+1/6*a"~2*xx~6-2*I*axb*x~4*arctan (exp (I*(d*x~2+c)))/d+b~2*x"
2x1n(1+exp (2*I* (d*x~2+c))) /d"2+2xI*a*b*x"2*polylog(2,-I*exp (I* (d*x~2+c)))/
d~2-2*xI*axb*x~2*polylog(2, I*exp (I*(d*x~2+c)))/d~2-1/2%I*b"2*polylog(2,-exp
(2*I*(d*x"2+c)))/d"~3-2*a*xbxpolylog(3,-I*exp (I*(d*x~2+c)))/d~3+2*a*b*polylo
g(3,Ixexp(I*(d*x"2+c)))/d"3+1/2%b"2*x"4*tan (d*x"2+c)/d

38.  [a%(a+ bsec(c+ dz?))” dx
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3.8.2 Mathematica [A] (verified)

Time = 0.66 (sec) , antiderivative size = 229, normalized size of antiderivative = 0.95

/z5(a+bsec (c—l—dacz))2 dx

—3ib%d?z* + a’d?z% — 12iabd?z* arctan <ei(c+d9”2)> + 6b%dz? log (1 + e2i(c+dm2)> + 12iabdz? PolyLog (2,

e

input LIntegrate [x"5*(a + bxSec[c + d*x~2])~2,x]

~—

output | ((-3*I)*b~2*xd"2*x"4 + a~2*%d"3*x"6 - (12*I)x*axb*d"2*x"4*ArcTan[E~(I*(c + dx*
x72))] + 6*%b"2xd*x"2*xLog[1l + E~((2*%I)*(c + d*x~2))] + (12%I)*a*b*d*x~2*Pol
yLog[2, (-I)*E~(I*(c + d*x~2))] - (12+I)*axb*d*x~2%PolyLogl[2, I*E~(I*(c +
d*x~2))] - (3%I)*b~2#PolyLogl[2, -E~((2*I)*(c + d*x~2))] - 12*axb*PolyLogl[3
, (-I)*E~(I*(c + d*x~2))] + 12xaxbxPolyLog[3, I*E~(I*(c + d*x~2))] + 3%b~2
*q"2+x"4*Tan[c + d*x~2])/(6*d"3)

3.8.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.99,
number of steps used = 5, number of rules used = 4, Mumber of rules _ ( 999 Ryles used

integrand size
= {4692, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x5(a+bsec (c+d902))2 dx

J'4692

;/m4(a+bsec (dar;2 +c))2dm2

l 3042

;/:E‘l(a—i-bcsc (dw2 +c+ g))2dx2

l 4678

% / (a2w4 + b% sec? (dac2 + c) z* + 2absec (dac2 + c) x4) dz?

38.  [a%(a+ bsec(c+ dz?))” dx
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l 2009

- - - g -

( o226 4iabx* arctan <ei(c+d$2)) 4abPolyLog (3, —iei(dz2+c)> 4abPolyLog (3, iei(dmz"'c)) 4iabz? Pol
3 d d3

-

input LInt [x~5%(a + b*Sec[c + d*x~2])"2,x]

~—

output | (((-I)*b~2*x"4)/d + (a"2%x76)/3 - ((4*I)*axb*x"4*ArcTan[E~(I*(c + d*x~2))]
)/d + (2¥b~2*x"2*Log[1 + E~((2*I)*(c + d*x~2))])/d"2 + ((4*I)*a*xb*x~2*Poly
Logl[2, (-I)*E~(I*(c + d*x~2))])/d"2 - ((4*I)*a*bxx~2+PolyLog[2, I*E~(I*(c
+ d*x72))]1)/d"2 - (I*b~2xPolyLog[2, -E~((2*I)*(c + d*x~2))])/d"3 - (4xaxbx
PolyLog[3, (-I)*E~(I*(c + d*x~2))])/d"3 + (4*a*b*PolyLogl[3, I*E~(I*(c + dx
x72))1)/d"3 + (b~2*x"4*Tan[c + d*x~2])/d)/2

3.8.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruk}4678/Int[(csc[(e_.) + (F_D)*x)D]*(_.) + (a)) " (@_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“°n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4692 Int[(x_)~(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

38.  [a%(a+ bsec(c+ dz?))” dx
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3.8.4 Maple [F]

/x5(a + bsec (dz* + c))zdx

inputLint(x‘5*(a+b*sec(d*x‘2+c))“2,x) J

-

output Lint (x~5* (a+b*sec(d*x"2+c)) ~2,x)

~—

3.8.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 799 vs. 2(199) = 398.

Time = 0.32 (sec) , antiderivative size = 799, normalized size of antiderivative = 3.30

/z5(a + bsec (c + dacz))2 dz
_ a?d®z® cos (dz? + ¢) + 3b%d?x* sin (da? + ¢) — 6 abcos (dz? + c) polylog(3, 4 cos (dz? + ¢) + sin (dz? + ¢)

input Lintegrate (x~5*(at+b*sec(d*x"2+c))~2,x, algorithm="fricas") J

38.  [a%(a+ bsec(c+ dz?))” dx



output
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1/6%(a~2*d"3*x"6xcos(d*x"2 + c) + 3*b"2+d"2*x"4*sin(d*x"2 + c) - 6xaxb*cos
(d*x~2 + c)*polylog(3, I*cos(d*x"2 + c) + sin(d*x~2 + c)) + 6*axbxcos(d*x”
2 + c)*polylog(3, Ix*cos(d*x"2 + c) - sin(d*x"2 + c)) - 6*a*bxcos(d*x"2 + ¢
)*polylog(3, -Ixcos(d*x"2 + c) + sin(d*x"2 + c)) + 6*axbxcos(d*x~2 + c)*po
lylog(3, -I*cos(d*x"2 + c) - sin(d*x"2 + c)) - 3*(2xI*axbxd*x~2 - I*b~2)*c
os(d*x~2 + c)*dilog(I*cos(d*x~2 + c) + sin(d*x"2 + c)) - 3*(2kI[*axb*d*x~2
+ I*b"2)*cos(d*x"2 + c)*dilog(I*cos(d*x"2 + c) - sin(d*x"2 + c)) - 3*(-2*I
*axb*d*x~2 + I*b~2)*cos(d*x"2 + c)*dilog(-I*cos(d*x"2 + c) + sin(d*x"2 + ¢
)) - 3% (-2*%Ixaxb*d*x"2 - I*b~2)*cos(d*x~2 + c)*dilog(-I*cos(d*x"2 + c) - s
in(d*x~2 + c)) + 3x(a*b*c”2 - b~2*c)*cos(d*x"2 + c)*log(cos(d*x"2 + c) + I
*sin(d*x~2 + c) + I) - 3*(a*b*c™2 + b~2*c)*cos(d*x~2 + c)*log(cos(d*x~2 +
c) - Ixsin(d*x"2 + c) + I) + 3x(axbxd"2*x"4 + b~2*d*x"2 - a*b*c™2 + b~2%c)
xcos(d*x"2 + c)*log(I*cos(d*x~2 + c) + sin(d*x"2 + c) + 1) - 3x(a*b*d~2*x~
4 - b"2*d*x"2 - axb*c”2 - b"2*c)*cos(d*x"2 + c)*log(I*cos(d*x"2 + c) - sin
(d*x~2 + c) + 1) + 3x(a*b*d™2*x"4 + b~2*d*x"2 - ax*b*c”2 + b~2*c)*cos(d*x"2
+ c)*log(-I*cos(d*x~2 + c) + sin(d*x"2 + c) + 1) - 3*(a*b*d"2*x"4 - b~2xd
*X"2 - axb*c”™2 - b~2*c)*cos(d*x~2 + c)*log(-I*cos(d*x"2 + c) - sin(d*x"2 +
c) + 1) + 3*x(a*b*c”2 - b"2*c)*cos(d*x"2 + c)*log(-cos(d*x~2 + c) + I*sin(
d*x"2 + c) + I) - 3x(axbxc™2 + b~2*c)*cos(d*x"2 + c)*log(-cos(d*x"2 + c) -
Ixsin(d*x~2 + c) + I))/(d"3*cos(d*x"2 + c))

3.8.6 Sympy [F]

/x5(a+bsec (c—l—dath))2 d:c:/a:5(a+bsec (c—l—dach))2 dx

-

inputLintegrate(x**5*(a+b*sec(d*x**2+c))**2,x)

-/

outputLIntegral(x**S*(a + bxsec(c + dxx**2))**2, x)

~—

38.  [a%(a+ bsec(c+ dz?))” dx
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3.8.7 Maxima [F]

/:v5(a—|—bsec (c—i—dav2))2 dr = / (bsec (dxz—}-c) +a)2z5d$

inputLintegrate(x“5*(a+b*sec(d*x“2+c))“2,x, algorithm="maxima")

output

1/6%a"2xx"6 + (b~2%xx~4*sin(2*d*x~2 + 2%c) + (d*cos(2*d*x~2 + 2%c)~2 + d*si
n(2xd*x~2 + 2%c)~2 + 2*d*cos(2*d*x"2 + 2*c) + d)*integrate (4*(axbxd*x~5*co
s5(2%d*x~2 + 2%c)*cos(d*x"2 + c) + a*bxd*x"5*cos(d*x~2 + c) + (axb*d*x 5*si
n(d*x~2 + c) - b"2*x73)*sin(2*%d*x”2 + 2*c))/(d*cos(2*d*x~2 + 2*c)~2 + d*si
n(2xd*x"2 + 2*c)~2 + 2xd*cos(2xd*x"2 + 2*c) + d), x))/(d*cos(2*xd*x"2 + 2*c
)72 + d*sin(2*%d*x72 + 2%c) "2 + 2xd*xcos(2*xd*x"2 + 2%c) + d)

3.8.8 Giac [F]

/m5(a+bsec (c+dm2))2 dr = / (bsec (d932+c) +a)2m5dm

inputLintegrate(x*5*(a+b*sec(d*x*2+c))“2,x, algorithm="giac")

output‘ integrate((b*sec(d*x~2 + c) + a)~2*x"5, x)

3.8.9 Mupad [F(-1)]

Timed out.

2
5 2\ 2 _ 5 b
/m (a+bsec(c—|—dm )) dx—/:v (a+—cos(dx2+c)) dz

inputtint(x“S*(a + b/cos(c + d*x72))"2,x)

e

outputtint(x‘S*(a + b/cos(c + d*x~2))"2, x)

e—

38.  [a%(a+ bsec(c+ dz?))” dx
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3.9 [ z4(a + bsec (c + dx?))’ dx

3.9.1 Optimalresult . . .. .. .. .. ... ... . e 88|
3.9.2 Mathematica [N/A] . . . . .. . . . ’Y
393 Rubi [N/A] . . . oo 89
3.9.4 Maple [N/A] (verified) . . . . . . ... .. L o 89
3.9.5 Fricas [N/A] . . . . . 90
3.9.6 Sympy [N/A] . . . . 90
3.9.7 Maxima [N/A] . . . . . e 90
3.9.8 Giac [N/A] . . . . o OT]
3.99 Mupad [N/A] . .. OT]

3.9.1 Optimal result

Integrand size = 18, antiderivative size = 18

/x4(a+bsec (c+dx2))2 dr = Int(z4(a+bsec (c—l—dacz))2 ,z)

output LUnintegrable (x74* (at+b*sec(d*x"2+c)) "2,x)

~—

3.9.2

Mathematica [N/A]

Not integrable

Time = 12.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/az4(a+bsec (c+da:2))2 dac:/x4(a+bsec (c—l—dar:z))2 dx

p

input | Integrate[x~4*(a + bxSec[c + d*x~2])72,x]

~—

-

output LIntegrate [x"4%(a + b*Sec[c + d*x~2])~2, x]

~—

3.9.

[ z*(a + bsec (c + dz?))* da



CHAPTER 3. LISTING OF INTEGRALS 89

3.9.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x4(a + bsec (c+ dacQ))2 dx
l 4694

/z4(a+bsec (c+da:2))2dm

input LInt [x~4x(a + b*Sec[c + d*x~2])"2,x]

~—

output‘$Aborted

3.9.3.1 Defintions of rubi rules used

ruk34694‘Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

3.9.4 Maple [N/A] (verified)
Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/x4(a + bsec (dz* + c))2dz

input

int (x~4* (a+b*sec(d*x~2+c))~2,x)

N\

output Lint (x~4#* (atb*sec(d*x"2+c)) ~2,x)

39.  [z(a+ bsec(c+dz?))’ dx
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3.9.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/m4(a+bsec (c+dz2))2 dr = / (bsec (d:v2+c) +a)2m4dm

p
input

integrate (x~4*(atb*sec(d*x~2+c))~2,x, algorithm="fricas")

N\

output Lintegral(b“Q*x“él*sec(d*x‘2 + ¢c)72 + 2xaxb*x"4*sec(d*x"2 + c) + a"2xx"4, x)

3.9.6 Sympy [N/A]
Not integrable

Time = 2.76 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/x4(a+bsec (c—i—dacz))2 dx:/:c4(a+bsec (C+d!172))2 dx

input Lintegrate (x**4* (a+b*sec (dkx**2+c) ) **2,Xx)

~—

output‘ Integral (xx*4*(a + bxsec(c + d*x**2))**2, x)

3.9.7 Maxima [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 256, normalized size of antiderivative = 14.22

/x4(a+bsec (c—l—dacz))2 dx = / (bsec (dz” + c) +a)2x4dx

p
inputLintegrate(x“4*(a+b*sec(d*x“2+c))“2,x, algorithm="maxima")

-/

39.  [z(a+ bsec(c+dz?))’ dx
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output | 1/5%a~2*x~5 + (b~2*x"3*sin(2*d*x~2 + 2xc) + (d*cos(2*d*x~2 + 2*c)~2 + d#*si

n(2*d*x~2 + 2%c)”2 + 2*d*cos(2*d*x"2 + 2%c) + d)*integrate((4*a*bkd*x~4*co
s(2xd*x~2 + 2*c)*cos(d*x"2 + c) + 4xaxbxd*x"4*cos(d*x"2 + c) + (4xaxbxd*xx”
4*xsin(d*x"2 + ¢) - 3*b"2xx”"2)*sin(2*d*x"2 + 2*c))/(d*cos(2*d*x~2 + 2%c)"2
+ d*sin(2*xd*x~2 + 2%c) "2 + 2xd*cos(2xd*x"2 + 2*c) + d), x))/(d*cos(2*d*x"2
+ 2%c)”2 + dksin(2*d*x72 + 2%c) "2 + 2kd*cos(2*d*x"2 + 2*xc) + d)

3.9.8 Giac [N/A]
Not integrable

Time = 1.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/x4(a+bsec (c—i—dacz))2 dx = / (bsec (dz” + c) +a)2x4dx

input Lintegrate (x"4*(atb*sec(d*x"2+c))~2,x, algorithm="giac")

output tintegrate((b*sec(d*x’? + c) + a)"2*x"4, x)

3.9.9 Mupad [N/A]
Not integrable

Time = 14.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
4 e [aifan b
/z (a+bsec (c+ dz?)) dx—/x (a+cos(diﬂ2+c)) &

input Lint(x"ll*(a + b/cos(c + d*x"2))"2,x)

outputtint(x“ll*(a + b/cos(c + d*x~2))"2, x)

39.  [z(a+ bsec(c+dz?))’ dx
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3.10 [ z*(a + bsec (c + dz?))’ dz

3.10.1 Optimal result . . . . . . . . . . . . e 92]
3.10.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 92
3.10.3 Rubi [A] (verified) . . . . ... . . . ... 93]
3.10.4 Maple [F] . . . . . . o 94
3.10.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 95
3.10.6 Sympy [F] . . . . . 95
3.10.7 Maxima [F] . . . . . . . . 90
3.10.8 Giac [F] . . . . . o 961
3.10.9 Mupad [F(-1)] . . . . oo 96

3.10.1 Optimal result

Integrand size = 18, antiderivative size = 133

2.4  2iabz?arctan ( ei(ctdz?)
/:c3(a+bsec(c+dx2))2 dx=af _ : ( )

b?log (cos (c + dz?)) 1ab PolyLog (2, _iei(c+dw2)>
2d? + d2
_ ab PolyLog <2’ ietleres )> n b*z? tan (c + da?)
& 2d

e B

1/4*a”2xx"4-2*T*a*xb*x~2*arctan (exp (I*(d*x~2+c)))/d+1/2*b~2x1n(cos (d*x~2+c)
‘)/d“2+I*a*b*polylog(2,—I*exp(I*(d*x‘2+c)))/d‘2—I*a*b*polylog(2,I*exp(I*(d*
| X72+¢)))/d"2+1/2%b"24x"2+tan (d*x"2+c) /d J

output

3.10.2 Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.92

/x3(a+bsec (c+d:1:2))2 dz

a’d?z* — 8iabdz? arctan <ei(c+d””2)) + 2b? log (cos (¢ + dz?)) + 4iab PolyLog (2, —iei(c+d””2)> — 4iab Poly
N 42

3.10.  [a3(a+ bsec(c+ dz?))’ dx
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input ‘ Integrate[x~3x(a + b*Sec[c + d*x~2])"2,x] ‘

\ + d*x~2]] + (4*I)*a*b*PolyLogl[2, (-I)*E~(I*(c + d*x"2))] - (4*I)=*a*bxPoly

e B
output‘ (a"2*%d"2xx"4 - (8*I)*a*bxd*x~2*ArcTan[E~(I*(c + d*x"2))] + 2xb~2+Logl[Cos[c ‘
‘Logl[2, T+E™(I*(c + d#x"2))] + 2%b~2*d#x~2#Tan[c + d*x~2])/(4%d"2) |

3.10.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.98,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 5 999 Ryjes uged

integrand size
= {4692, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m3(a—|—bsec (c+dr?))? da
l 4692
% /xZ(a + bsec (dz® + c))2 da?
| 3042
;/m2<a+ bcse (dm2 +c+ g>)2dx2
l'4678
% / (a’z® + b*sec? (dz? + c) 2° + 2absec (dz® + ¢) z%) dz?
l 2009

L n _
2 d d? d?

N =

(az 4 4iaba? arctan (ei(chdmz)) 2iab PolyLog (2, —ie"'(dw2+c)) 2iab PolyLog (2, iei(d’”2+c)> N b? log (c

-

input LInt [x~3*(a + b*Sec[c + d*x~2])"2,x]

~—

3.10.  [a3(a+ bsec(c+ dz?))’ dx



output

rule 2009

rule 3042

rule 4678

rule 4692

input

output
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‘ ((a~2%x~4) /2 - ((4*I)*axb*x~2*ArcTan[E~(I*(c + d*x~2))])/d + (b~2*Log[Cos[
\c + d*x~2]]1)/d"2 + ((2*I)*axbxPolyLog[2, (-I)*E~(Ix(c + d*x"2))]1)/d"2 - ((
\2*1)*a*b*PolyLog[2, I*E~(I*(c + d*x72))])/d"2 + (b"2*x"2*Tan[c + d*x~2])/d
/2

3.10.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
p, x], x, x™n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

3.10.4 Maple [F]

/x3(a + bsec (dz* + c))2dz

Lint(x‘3*(a+b*sec(d*x‘2+c))‘2,x)

Lint(x‘3*(a+b*sec(d*x‘2+c))“2,x)

3.10.  [a3(a+ bsec(c+ dz?))’ dx
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3.10.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 525 vs. 2(109) = 218.

Time = 0.33 (sec) , antiderivative size = 525, normalized size of antiderivative = 3.95

/m3(a+bsec (c+da?))* do
_a*d®z" cos (dz® + ¢) + 2b*dx? sin (dz? + ¢) — 2i abcos (dz? + ¢) Liy(i cos (dz? + ¢) + sin (dz? + ¢)) — 2i ¢

inputLintegrate(x“3*(a+b*sec(d*x“2+c))‘2,x, algorithm="fricas") J

e N

output | 1/4*(a"2*xd"2*x"4*cos(d*x"2 + c) + 2*%b~2xd*x"2*sin(d*x~2 + c) - 2xI*a*b*cos
(d*x~2 + c)*dilog(I*cos(d*x~2 + c) + sin(d*x~2 + c)) - 2*I*axbxcos(d*x~2 +

c)*dilog(I*cos(d*x~2 + c) - sin(d*x"2 + c)) + 2xIxa*b*cos(d*x"2 + c)*dilo
g(-Ixcos(d*x"2 + c) + sin(d*x"2 + c)) + 2*I*axb*cos(d*x"2 + c)*dilog(-I*co
s(d*x"2 + c¢) - sin(d*x"2 + c)) - (2xaxb*c - b~2)*cos(d*x"2 + c)*log(cos(d*
x"2 + c) + I*sin(d*x"2 + c) + I) + (2%axb*c + b~2)*cos(d*x"2 + c)*log(cos(
d*x72 + c) - I*sin(d*x"2 + c) + I) + 2%(a*b*d*x~2 + a*bxc)*cos(d*x~2 + c)*
log(I*cos(d*x™2 + c) + sin(d*x"2 + c) + 1) - 2*(a*b*d*x~2 + a*bxc)*cos(d*x
2 + c)*log(I*cos(d*x™2 + c) - sin(d*x"2 + c) + 1) + 2x(a*bxd*x”2 + axb*c)
xcos(d*x"2 + c)*log(-Ixcos(d*x"2 + c) + sin(d*x"2 + c) + 1) - 2x(axb*xd*x"2

+ axb*c)*cos(d*x"2 + c)*log(-I*cos(d*x"2 + c) - sin(d*x"2 + c) + 1) - (2%
axbxc - b~2)*cos(d*x"2 + c)*log(-cos(d*x"2 + c) + I*sin(d*x"2 + c) + I) +
(2%a*b*c + b~2)*cos(d*x"2 + c)*log(-cos(d*x"2 + c) - I*sin(d*x"2 + c) + I)
)/ (d"2*cos(d*x~2 + c))

3.10.6 Sympy [F]

/x3(a+bsec (c+dav2))2 dx:/x3(a+bsec (c+dav2))2 dz

inputLintegrate(x**3*(a+b*sec(d*x**2+c))**2,x) J

e

outputLIntegral(x**S*(a + bxsec(c + d*x**2))**x2, x)

A >

3.10.  [a3(a+ bsec(c+ dz?))’ dx



input

output

input

output

input

output
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3.10.7 Maxima [F]

/x?’(a—l—bsec (c—i—dav2))2 dr = / (bsec (dx2+c) +a)2x3dm

Lintegrate(x*3*(a+b*sec(d*x*2+c))“2,x, algorithm="maxima")

1/4*%a”~2%x"4 + 1/4%(4xb"2*d*x"24sin(2*d*x"2 + 2*c) + 16*(a*b*xd"3*cos(2*d*x"
2 + 2%c)"2 + a*bxd"3*sin(2*d*x”2 + 2%c) "2 + 2*axbkd"3*cos(2*d*x"2 + 2%c) +
axb*d~3)*integrate ((x"3*cos(2+#d*x~2 + 2*c)*cos(d*x"2 + c) + x"3*sin(2*d*x
2 + 2xc)*sin(d*x"2 + c) + x"3*cos(d*x"2 + c))/(d*xcos(2*d*x"2 + 2%c)"2 + d
*sin(2*%d*x~2 + 2*%c)~2 + 2xd*cos(2*d*x"2 + 2*xc) + d), x) + (b"2*xcos(2*d*xx"2
+ 2%c)”2 + b”2*sin(2*d*x”2 + 2%c) "2 + 2xb"2%cos(2*d*x"2 + 2%c) + b~2)*log
(cos(2*d*x~2 + 2%c) "2 + sin(2*d*x"2 + 2*c) "2 + 2%cos(2*d*x"2 + 2*c) + 1))/
(d"2*cos(2%d*x™2 + 2%c) "2 + d"2*sin(2*d*x"2 + 2*c) "2 + 2*d"2*cos(2xd*x~2 +
2xc) + d72)

N\

3.10.8 Giac [F]

/m3(a+bsec (c+dz2))2 dr = / (bsec (d:v2+c) +a)2m3dx

Lintegrate(x‘3*(a+b*sec(d*x‘2+c))“2,x, algorithm="giac")

‘integrate((b*sec(d*x“2 + c) + a)"2*x"3, x)
3.10.9 Mupad [F(-1)]
Timed out.
2 b 2
3 2 _ 3
/x(a+b%c@+dm» whﬂ/x<?+5&15713)(m
(int(x‘S*(a + b/cos(c + d*x~2))"2,x)

N

Lint(x‘B*(a + b/cos(c + d*x~2))"2, x)

3.10.  [a3(a+ bsec(c+ dz?))’ dx
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3.11 [ z%(a + bsec (c + da?))’ da

3.11.1 Optimal result . . . . . . . . . . . . e 97l
3.11.2 Mathematica [N/A] . . . . . . . . . 97
3113 Rubi [N/A] . . o oo 08
3.11.4 Maple [N/A] (verified) . . . . . . ... ... L 98
3.11.5 Fricas [N/A] . . . . . o 99
3.11.6 Sympy [N/A] . . . o 99
3.11.7 Maxima [N/A] . . . . . o 99
3.11.8 Giac [N/A] . . . o o 100
3.11.9 Mupad [N/A] . . . . 100

3.11.1 Optimal result

Integrand size = 18, antiderivative size = 18

/xQ(a—l—bsec (c+dx2))2 dr = Int(z2(a+bsec (c—l—dacz))2 ,z)

output LUnintegrable (x72* (at+b*sec(d*x"2+c)) "2,x)

~—

3.11.2 Mathematica [N/A]

Not integrable

Time = 9.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/azz(a+bsec (c+da:2))2 dx:/xz(a-l—bsec (c—l—dar:z))2 dx

p

input | Integrate[x”2*(a + bxSec[c + d*x~2])72,x]

~—

-

output LIntegrate [x"2%(a + b*Sec[c + d*x~2])~2, x]

~—

311.  [z%(a+ bsec(c+ dz?))’ dzx
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3.11.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x2(a + bsec (c+ dacQ))2 dx
l 4694

/z2(a+bsec (c+da:2))2dm

input LInt [x~2x(a + b*Sec[c + d*x~2])"2,x]

~—

output‘$Aborted

3.11.3.1 Defintions of rubi rules used

ruk34694‘Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

3.11.4 Maple [N/A] (verified)
Not integrable

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/x2(a + bsec (dz* + c))2dz

input

int (x~2* (a+b*sec(d*x~2+c)) ~2,x)

N\

output Lint (x~2* (a+b*sec(d*x"2+c)) ~2,x)

311.  [z%(a+ bsec(c+ dz?))’ dzx
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3.11.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/mQ(a—l-bsec (c+dz2))2 dr = / (bsec (d:v2+c) +a)2m2dm

p
input

integrate(x~2*(atb*sec(d*x~2+c))~2,x, algorithm="fricas")

N\

output Lintegral(b“Q*x‘Q*sec(d*x‘2 + )72 + 2xaxb*x"2*sec(d*x"2 + c) + a"2*x"2, x)

3.11.6 Sympy [N/A]

Not integrable

Time = 2.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/xz(a—l-bsec (c—i—dacz))2 dx:/:c2(a+bsec (C+d!172))2 dx

input Lintegrate (x**2* (a+b*sec (dkx**2+c) ) ¥*2,Xx)

~—

output‘ Integral (xx*2*(a + bxsec(c + d*x**2))**2, x)

3.11.7 Maxima [N/A]

Not integrable

Time = 0.51 (sec) , antiderivative size = 251, normalized size of antiderivative = 13.94

/x2(a+bsec (c—l—dacz))2 dx = / (bsec (dz” + c) +a)2x2dx

p
inputLintegrate(x“2*(a+b*sec(d*x“2+c))“2,x, algorithm="maxima")

-/

311.  [z%(a+ bsec(c+ dz?))’ dzx



output
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1/3*%a~2*x"3 + (b "2*x*sin(2*d*x~2 + 2*c) + (d*cos(2*d*x"2 + 2%c)~2 + d*sin(
2xd*x"2 + 2%c)”2 + 2*d*cos(2*%d*x"2 + 2*c) + d)*integrate((4*axbxd*x~2*cos (
2%d*x72 + 2xc)*cos(d*x”"2 + c) + 4*axb*xd*x"2xcos(d*x"2 + c) + (4*a*xb*d*x"2x*
sin(d*x"2 + ¢) - b"2)*sin(2*d*x~2 + 2%c))/(d*cos(2*xd*x~2 + 2%c)~2 + d*sin(
2xd*x~"2 + 2%c) "2 + 2xd*cos(2xd*x"2 + 2*c) + d), x))/(d*cos(2xd*x"2 + 2%c)”~
2 + d*ksin(2*d*x"2 + 2%c) "2 + 2kd*cos(2*d*x"2 + 2xc) + d)

3.11.8 Giac [N/A]

Not integrable

Time = 1.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/xQ(a+bsec (c—i—dacz))2 dx = / (bsec (dz” + c) +a)2x2dx

inputLintegrate(x“2*(a+b*sec(d*x“2+c))“2,x, algorithm="giac")

outputtintegrate((b*sec(d*x‘Q + c) + a)"2*x"2, x)

3.11.9 Mupad [N/A]
Not integrable

Time = 13.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
2 e [atfan b
/z (a+bsec (c+ dz?)) dx—/x (a+cos(diﬂ2+c)) &

inputtint(x‘Q*(a + b/cos(c + d*x"2))"2,x)

outputtint(x“Q*(a + b/cos(c + d*x~2))"2, x)

311.  [z%(a+ bsec(c+ dz?))’ dzx
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3.12

3.12.1 Optimal result . . . . . . . . . . ..
3.12.2 Mathematica [A] (verified) . . . . . . . . .. .. .. L

[ z(a+ bsec(c+ dz?))* de

3.12.3 Rubi [A] (verified) . . . . ... . . . ...

3.12.4 Maple [A] (verified) . ... ... ... .
3.12.5 Fricas [B] (verification not implemented)

3.12.6 Sympy [F] . . . . o

3.12
3.12
3.12

T
8
9

3.12.1 Optimal result

Maxima [B| (verification not implemented)
Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)

Integrand size = 16, antiderivative size = 44

/x(a,—l— bsec (c+ de))2 dx =

a’z

2

abarctanh(sin (c + dz?))

b2t + dz?
+ an (¢ + dz?)

2

d

2d

output L1/2*a“2*x"2+a*b*arctanh(sin (d*x~2+c))/d+1/2%b~2xtan (d*x~2+c)/d

3.12.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.93

/m(a + bsec (C+d$2))2 dx

_ a?da? + 2abarctanh(sin (¢ + dz?)) + b? tan (c + dz?)

2d

input‘ Integrate[x*(a + b*Sec[c + d*x~2])"2,x]

output L(a"2*d*x"2 + 2*axb*ArcTanh([Sin[c + d*x~2]] + b~2+Tan[c + d*x~2])/(2%d)

3.12.

[ z(a + bsec(c+ dz?))? dz
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3.12.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.98, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 438 Ryjes used = {4692,

integrand size
3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x(a—i—bsec (c+dac2))2 dz
14692

1 2 2,2

2/(a+bsec(dm +¢)) dz
l3042

;/ <a+bcsc (da:2 +c+ g))deQ
l 4260
% <2ab/sec (dz? + c) dz® + b /sec2 (dz® + c) dz® + a2w2)
l 3042
;<2ab/csc (d:c2 +c+ g) dz? + b? /csc (dm2 +c+ g)2 dz? + a2x2>
l 4254
1 9 T 9 b2f1d(— tan (da:2 +c)) 9 9
2<2ab/csc<dw +c+§)dx — F) +a‘x
l 24

% <2ab/csc (dx2 +c+ E) dz? + a’z? +

2

b2 tan (c + de) )
d

l 4257

. 9 9 )
% <a2w2 + 2abarctanh (Zm (c +dz )) + b“ tan (24- dx ))

input Int[x*(a + b*Sec[c + d*x~2])"2,x]

N

312.  [z(a+bsec(c+ dz?))’ do



CHAPTER 3. LISTING OF INTEGRALS

103

output ‘ (a~2*x~2 + (2*%axb*ArcTanh[Sin[c + d*x~2]]1)/d + (b~2*Tan[c + d*x~2])/d)/2

3.12.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 3042

rule 4254

rule 4257

rule 4260

rule 4692

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2+*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]~2, x]
, x1) /; FreeQ[{a, b, c, d}, xl

Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Secl[c + d*x])~
p, x], x, x™n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

312.  [z(a+bsec(c+ dz?))’ do
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3.12.4 Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.14

method result
parts a22mQ + b2 tan (;fix +c) + baln(sec(dx +il) +tan(dz2+c))
. . .. a? (dac2+c) +2ba In (sec (d:c2+c) +tan(d z2+c))+b2 tan(d :v2+c)
derivativedivides F
a? (d z2+c) +2ba In(sec(d wz—l—c) +tan(d x2+c) ) +b? tan (d .’132+C)
default o
isch a2x2 ib2 baln (ei (d z2+c) -H') baln (ei (d z2+c) —i)
risc D) ( 2i(d2+0) ) + d o d
. a?d z? cos(dz?+c)—2baln (tan( d; +5 ) ) cos(dz2+c)+2baln (tan ( d; +5 ) +1) cos(d z2+c)+b? sin(d z%+c)
parallelrisch Sdcos(dz2+0)
a222 tan dz? | ¢ 2 2 tan dz? | ¢
_#4_ ’ <2T+E> _b ¢ (7+7) baln(tan(dm +5 )+1) baln(tan(#—i—%)—l)
norman PRCIRY + 4 - 4
tan (282 +5) -1
inputLint(x*(a+b*sec(d*x“2+c))“2,x,method=_RETURNVERBOSE) J
outputL1/2*a“2*x‘2+1/2*b‘2*tan(d*x“2+c)/d+b*a/d*ln(sec(d*x‘2+c)+tan(d*x“2+c)) J

3.12.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(40) = 80.

Time = 0.27 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.07

/m(a + bsec (c+dx2))2 dz

a’dz? cos (dz? + c) + abcos (dz? + c) log (sin (dz? + ¢) + 1) — abcos (dz? + ¢) log (—sin (dz? + ¢) + 1) +

2d cos (dz? + ¢)

inputLintegrate(x*(a+b*sec(d*x“2+c))‘2,x, algorithm="fricas")

output‘1/2*(a‘2*d*x‘2*cos(d*x‘2 + c) + a*b*cos(d*x”2 + c)*log(sin(d*x~2 + c) + 1)
‘ - axb*cos(d*x~2 + c)*log(-sin(d*x"2 + c) + 1) + b"2*sin(d*x"2 + c))/(d*co

\s(d*x*z +¢))

312.  [z(a+bsec(c+ dz?))’ do
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3.12.6 Sympy [F]

/x(a—l—bsec (c+dx2))2 dx=/:c(a—|—bsec (c—l—dav2))2 dx

inputLintegrate(x*(a+b*sec(d*x**2+c))**2,x)

~—

-

i

output | Integral (xx(a + bkxsec(c + dxx**2))**x2, x)

- J

3.12.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 96 vs. 2(40) = 80.

Time = 0.23 (sec) , antiderivative size = 96, normalized size of antiderivative = 2.18

/x(a+ bsec (c+ dacQ))2 dx

_1 22?4 ablog (sec (dz* + ¢) + tan (dz? + c))
2 d
N b?sin (2dz? + 2¢)
dcos (2dz? 4+ 2¢)® + dsin (2dz? + 2¢)* + 2d cos (2dz? +2¢) + d

p
input Lintegrate (x* (atb*sec(d*x~2+c))~2,x, algorithm="maxima")

~—

output‘ 1/2%a~2%x"2 + axb*log(sec(d*x”2 + c) + tan(d*x~2 + c))/d + b~ 2xsin(2*d*x"2
|+ 2%c)/(dxcos(2xd*x"2 + 2%c)"2 + d¥sin(2%d*x"2 + 2%c)"2 + 2kdxcos(2kdxx"2
‘ + 2%c) + d)

—

3.12.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(40) = 80.

Time = 0.32 (sec) , antiderivative size = 88, normalized size of antiderivative = 2.00

/z(a + bsec (c—l—d:cz))2 dx

‘) 2b2tan(% dac2+%c)

o tan(% da:2+% c)2—1

(dz? + c)a® + 2ablog (|tan (3 dz® + 1 ¢) + 1|) — 2ablog (|tan (} dz® + 3 ¢) — 1

- 2d

312.  [z(a+bsec(c+ dz?))’ do
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input‘integrate(x*(a+b*sec(d*x“2+c))“2,x, algorithm="giac")

p

output\ 1/2%((d*x"2 + c)*a”2 + 2*a*bxlog(abs(tan(1/2*d*x"2 + 1/2%c) + 1)) - 2xa*bx
‘10g(abs(tan(1/2*d*x“2 + 1/2xc) - 1)) - 2*b~2*tan(1/2*%d*x"2 + 1/2xc)/(tan(1
/2%d¥x"2 + 1/2%c)72 - 1))/d

3.12.9 Mupad [B] (verification not implemented)

Time = 13.78 (sec) , antiderivative size = 100, normalized size of antiderivative = 2.27
a’® z? N b’ 1

2 d (GZidw2+c2i + 1)

abln (—abx4i —4abgels’li edi>

d
abln (abz4i — 4abxedz21iec“>

d

/x(a+ bsec (c+ dﬂvz))2 dx =

_|_

input Lint(x*(a + b/cos(c + d*x~2))"2,x)

Output‘ (a™2%x72)/2 + (b™2%1i)/(d*(exp(c*2i + d*x"2%2i) + 1)) + (axbxlog(- a*b*xx4
‘i - 4xaxbxxkexp(d*x~2*1i)*exp(c*1i)))/d - (axb*log(axbxx*4i - 4*axbxx*exp(
‘d*x“Q*ii)*exp(c*li)))/d

312.  [z(a+bsec(c+ dz?))’ do
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3.13 f (a+bSGC(C+d$2))2 da

T
3.13.1 Optimalresult . . . . .. . . . . . . e 107
3.13.2 Mathematica [N/A] . . . . . . . . 107
3.13.3 Rubi [N/A] © . o oo oo e e 108
3.13.4 Maple [N/A] (verified) . . . . . . . . ... 108}
3.13.5 Fricas [N/A] . . . . . 109
3.13.6 Sympy [N/A] . . . . 1091
3.13.7 Maxima [N/A] . . . . . .. 109
3.13.8 Giac [N/A] . . . . . o 1100
3.13.9 Mupad [N/A] . . . o 110

3.13.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ (a + bsec (c + dz?))? e — Tnt ((a + bsec (¢ + dz?))? ’ x)

T T

-

output Unintegrable((a+b*sec(d*x~2+c))~2/x,x)

N\

3.13.2 Mathematica [N/A]

Not integrable

Time = 29.80 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2Y)2 2))2
/(a—l—bsecic—l—dx ) dxz/(a—l—bsecg(vc-l—dx )) s

input LIntegrate[(a + b*Sec[c + d*x~2])"2/x,x]

output LIntegrate[(a + bxSec[c + d*x~2])~2/x, x]

313, [ lotbaeclerds®))” gy

T
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3.13.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + bsec (c+dm2))2

dz
T
l 4694
21\ 2
/ (a+ bsec (c+ dz?)) e
T
input ‘ Int[(a + bxSec[c + d*x~2])~2/x,x]
output L$Aborted J

3.13.3.1 Defintions of rubi rules used

rule 4694‘(Int[(x_)“(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_)*(x_)"(n_)])"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m,
‘ n, p}, x]

————————

3.13.4 Maple [N/A] (verified)
Not integrable

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

2 2
/(a—l—bsec(dz‘ +¢)) i
z
input‘ int ((a+b*sec(d*x~2+c)) ~2/x,x) ‘
output Lint((a+b*sec (d*x~2+c))"2/x,x) J

313, [ lotbaeclerds®))” gy

T
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3.13.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

/ (@ + bsec (c + dxz))Q do — / (bsec (dz? + ¢) + a)2 de

T T

input Lintegrate ((atb*sec(d*x~2+c))~2/x,x, algorithm="fricas")

output Lintegral((b“Q*sec(d*x’? + c)~2 + 2xaxb*sec(d*x”2 + c) + a~2)/x, x)

3.13.6 Sympy [N/A]

Not integrable

Time = 2.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

2\\2 2112
/(a+bseca(cc+dw ) dm:/(a+bsecg(cc+da: ) i

input Lintegrate ((atbxsec(dxx**2+c) ) **2/x,%)

output‘ Integral((a + bxsec(c + dxx**2))**2/x, x)

3.13.7 Maxima [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 286, normalized size of antiderivative = 15.89

/ (@ + bsec (c + dxz))Q o — / (bsec (dz? + ¢) + a)2 de

T T

p
input tintegrate ((atb*sec(d*x~2+c))~2/x,x, algorithm="maxima")

e—

313, [ lotbaeclerds®))” gy

T
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output | a~2*log(x) + (b~2*sin(2*d*x~2 + 2%c) + (d*x"2*cos(2*d*x~2 + 2%c)~2 + d*x~2
*sin (2*d*x~2 + 2%c) "2 + 2*d*kx"2xcos(2xd*x"2 + 2xc) + d*x"2)*integrate(2*(2
*axbxd*xx~2*xcos (2*d*x~2 + 2*c)*cos(d*x"2 + c) + 2*a*b*d*x"2*cos(d*x"2 + c)
+ (2*a*b*d*x"2*sin(d*x"2 + c) + b~2)*sin(2*d*x"2 + 2*c))/(d*x"3*cos (2*d*x~
2 + 2%¢)72 + d*x"3*sin(2*%d*x"2 + 2%c) "2 + 2xd*x"3*kcos(2*%d*x"2 + 2%c) + d*xx
~3), x))/(d*x"2*cos(2*%d*x"2 + 2%c) "2 + dxx"2*sin(2xd*x"2 + 2%c) "2 + 2*d*x”
2*cos (2*%d*x"2 + 2*c) + d*x"2)

3.13.8 Giac [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2))2 2 2
/(a+bseca(cc+dw ) dxz/(bsec(dxx+c)+a) i

inputLintegrate((a+b*sec(d*x“2+c))‘2/x,x, algorithm="giac")

outputLintegrate((b*sec(d*x‘2 +c) +a)72/x, x)

3.13.9 Mupad [N/A]
Not integrable

Time = 13.58 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
2))? a+cos 19)52 c
/(a+bsec(c+d:c ) dx:/< G +)) i

T T

inputtint((a + b/cos(c + d*x"2))"2/x,x)

output Lint((a + b/cos(c + d*x~2))"2/x, x)

313, [ lotbaeclerds®))” gy

T
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3.14 f (a+bSGC(C+d$2))2 da

2

3.14.1 Optimalresult . . . . . . . . . . . .
3.14.2 Mathematica [N/A] . . . . . . . .
3.14.3 Rubi [N/A] © .« o oot e e e
3.14.4 Maple [N/A] (verified) . . . . . . . .. ...
3.14.5 Fricas [N/A] . . . . .
3.14.6 Sympy [N/A] . . . . o
3.14.7 Maxima [N/A] . . . . . . .
3.14.8 Giac [N/A] . . . . oo
3.14.9 Mupad [N/A] . . o o

3.14.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ (a + bsec (c + dz?))? e — Tnt ((a + bsec (¢ + dz?))? ’ x)

x2 2

-

output | Unintegrable ((at+b*sec(d*x~2+c))~2/x"2,x)

N\

3.14.2 Mathematica [N/A]

Not integrable

Time = 12.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(a-l—bsec(c—i—d:cz))2 dxz/(a—i-bsec(c—l—de))Q i

2 2

input LIntegrate[(a + b*Sec[c + d*x~2])"2/x"2,x]

output LIntegrate[(a + bxSec[c + d*x~2])~2/x"2, x]

314, [ (atbseclerdd)” g,
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3.14.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + bsec (c+dm2))2

= dz
l 4694
/ (a+bsec (g + dwz))2dm
T
input ‘ Int[(a + b*Sec[c + d*x~2])"2/x72,x]
output L$Aborted J

3.14.3.1 Defintions of rubi rules used

rule 4694‘(Int[(x_)“(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_)*(x_)"(n_)])"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m,
‘ n, p}, x]

————————

3.14.4 Maple [N/A] (verified)
Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a + bsec (dz? + )’
5 dx
x
input‘ int ((a+b*sec(d*x~2+c))~2/x"2,x) ‘
output Lint ((atb*sec(d*x~2+c))~2/x72,x) J

314, [ lobeelerd)) g,

x
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3.14.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

/ (@ + bsec (c + dxz))Q do — / (bsec (dz? + ¢) + a)2 de

2 2

input Lintegrate ((atb*sec(d*x~2+c))~2/x"2,x, algorithm="fricas")

output Lintegral((b“Q*sec(d*x’? + c)~2 + 2xaxb*sec(d*x"2 + c) + a~2)/x"2, x)

3.14.6 Sympy [N/A]

Not integrable

Time = 0.66 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

2 2

/(a—l—bsec(c—l—alaﬂ))2 dx:/(a+bsec(c+da:2))2 i

input Lintegrate ((a+b*sec (d*x**2+c) ) **2/x**2, X)

output‘ Integral((a + b*sec(c + d*x**2))**2/x**2, Xx)

3.14.7 Maxima [N/A]

Not integrable

Time = 0.52 (sec) , antiderivative size = 289, normalized size of antiderivative = 16.06

/ (@ + bsec (c + dxz))Q o — / (bsec (dz? + ¢) + a)2 de

2 2

p
input tintegrate ((atb*sec(d*x~2+c))~2/x72,x, algorithm="maxima")

e—

314, [ lobeelerd)) g,

x
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output | —a~2/x + (b"2*sin(2*d*x~2 + 2%c) + (d*x"3*cos(2*d*x~2 + 2*c)~2 + d*x”~3*sin
(2%d*x"2 + 2%c) "2 + 2xd*x"3*cos(2*d*x”"2 + 2%c) + d*x~3)*integrate((4*axbx*d
*x"2%cos (2*%d*x"2 + 2%c)*cos(d*x"2 + c) + 4*xaxbxdxx"2*cos(d*x"2 + c) + (4xa
*b*xd*x"2*xsin(d*x"2 + c) + 3%b"2)*sin(2xd*x"2 + 2*c))/(d*x"4*cos(2*xd*x"2 +

2%c) "2 + dxx"4*sin(2*%d*x"2 + 2%c) "2 + 2*d*xx"4*cos(2*%d*x"2 + 2%c) + d*xx"4),
x))/(d*x"3*cos (2*%d*x"2 + 2%c) "2 + d*x"3*sin(2*d*x"2 + 2*c) 2 + 2*d*x"3*co
s(2*d*x~2 + 2xc) + d*x"3)

3.14.8 Giac [N/A]

Not integrable

Time = 1.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (a + bsec (c + dx2))2 go— / (bsec (dz? + c) + a)2 dr

2 2

input Lintegrate ((atb*sec(d*x~2+c))"2/x"2,x, algorithm="giac")

outputLintegrate((b*sec(d*x“2 + c) + a)"2/x"2, x)

3.14.9 Mupad [N/A]
Not integrable

Time = 13.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
2))? a+cos 19)52 c
/(a+bsec(c+d:c ) dx:/< (d +)) dx

x2 xr2

inputtint((a + b/cos(c + d*x~2))"2/x"2,%)

outputtint((a + b/cos(c + d*x~2))"2/x"2, x)

314, [ lobeelerd)) g,

x
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3.15 [ zsec” (a + bz?) dx

3.15.1 Optimalresult . . . . .. ... ... .. 115l
3.15.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 115
3.15.3 Rubi [A] (verified) . . . . .. ... ..
3.15.4 Maple [A] (verified) . ... ... ... ... 118
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 118
3.15.6 Sympy [F] . . . . . 119
3.15.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... INE)
3.15.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 120
3.15.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 120

3.15.1 Optimal result

Integrand size = 12, antiderivative size = 90

5arctanh(sin (a + bx?)) N 5sec (a + bz?) tan (a + bx?)
32b 32b
N 5sec® (a + bx?) tan (a + bx?) N sec® (a + bz?) tan (a + bz?)
48b 12b

/avsec7 (a + bx2) dr =

output‘5/32*arctanh(sin(b*x”2+a))/b+5/32*sec(b*x”2+a)*tan(b*x“2+a)/b+5/48*sec(b*x
L"2+a) ~3xtan(b*x~2+a) /b+1/12*sec (b*xx~2+a) “5*tan (b*x~2+a) /b J

3.15.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00

5arctanh(sin (a + bz?)) N 5sec (a + bz?) tan (a + bz?)
32b 32b
N 5sec? (a + bx?) tan (a + bx?) N sec® (a + bz?) tan (a + bz?)
48b 12b

/xsec7 (a+b2?) dz =

-/

input LIntegrate [x*Sec[a + b*x~2]77,x]

output‘ (5*%ArcTanh[Sin[a + b*x~2]])/(32*%b) + (5*%Sec[a + b*x~2]*Tan[a + b*x~2])/(32
(¥b) + (5%Sec[a + b¥x"2]"3%Tan[a + b¥x"2])/(48+b) + (Sec[a + b*x~2] 5*Tan[a
\ + b*x~2])/(12%b)

3.15.  [zsec” (a+ bz?) dz
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3.15.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.16,

number of steps used = 10, number of rules used = 9, umber of rules _ 4 750 Ryjes used
integrand size

= {4692, 3042, 4255, 3042, 4255, 3042, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:sec7 (a+ bmz) dz
l 4692

% / sec’ (bw2 + a) dz?

| 3042
7
;/csc (ba:2 +a+ g) dz?
| 4255
1(5 5. o , tan (a+ bz?)sec® (a + bz?)
2<6/sec (bz® + a) dz* + 6b
| 3042
1(5 2 m\5  , tan(a+ baz?)sec’® (a + bz?)
2<6/csc<b:c +a+§> dz® + 6b
| 4255
1(5(3 3/ 9 , tan (a+ bz?)sec? (a + bz?) tan (a + bz?) sec® (a + bz?)
2<6<4/sec (b:c -|—a)dac+ b + 6b
| 3042

(3 /csc (bxz tadt g)‘o’ dz? + tan (a + bxz);)ec?‘ (a+ bx2)> N tan (a + bm2)62ec5 (a+ bm2)>

l 4255

2 2 2\ o3 2 2
(1/Sec(bm2+a)dx2+tan(a+bx )2:ec(a+bx )) +tan(a—|—b:v )4zec (a+ bz )) +tan(a+b:c,

l_3042

3.15.  [zsec” (a+ bz?) dz
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il

1 (5 (3 (arctanh(sin (a + bx2)) + tan (a + bxz) sec (a + ba:2) > + tan (a + bmz) sec3 (a + bxz) ) 4 tan (a + b
6\4

2 2b 4b

N =
| ot
INgJU

(1 /csc (bx2 tad g) da? + tan (a + bz?) sec (a + bx2)> N tan (a + bz?) sec® (a + bz?) ) N tan (a -

l’4257

DN |

2b 2b 4b

input LInt [xxSec[a + b*x~2]"7,x]

~—

output‘{((Sec [a + bxx"2] “5*Tan[a + b*x~2])/(6%b) + (5x((Sec[a + b*x~2]"3*Tan[a + b
*x721)/(4%D) + (3x(ArcTamh[Sinla + b4x"2]1/(2#D) + (Secla + bax"2]*Tan[a +
L b*x~2])/(2%b)))/4))/6)/2

~

3.15.3.1 Defintions of rubi rules used

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4255 Int[(csc[(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + dx*
x]1*((b*Csclc + d*x])~(n - 1)/(@*(n - 1))), x] + Simp[b~2*((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]
&& IntegerQ[2*n]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

rule 4692‘(Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
L 1)/n], 0] && IntegerQ[p]

| ——

3.15.  [zsec” (a+ bz?) dz
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3.15.4 Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.80

method result
sec m2b+a 5 5 sec z2b+a 3 5 sec m2b+a 51n(sec a:2b+a “+tan m2b+a
e R e e )
derivativedivides 55
sec m2b+a 5 5 sec z2b+a 3 5 sec 22b+a 5In(sec :t2b+a “+tan m2b+a
(e s ) Sl ()
default 55
i<15e11i(:c2b+a) +8569i(w2b+a) +19867i(w2b+a)_1986571(1:217-4—(1) _85e3i(w2b+a) _lsei($2b+a)) 5ln(ei(w2b-+
risch — : 5 -
48b (e”(’%*“)ﬂ) 32
. (—225 cos(2w2b-|—2a) —90 cos (4x2b+4a) —15cos (6ac2b+6a) —150) In <tan<%+%> —1) + (225 cos (2x2b+2a) 490 cos (4:1
parallelrlsch 96b(10-+cos(622b+6a)+6 cos(4z2
input tint (x*sec (b*x~2+a)~7,x,method=_RETURNVERBOSE) J

output ‘ 1/2/b* (- (-1/6*sec(b*x"2+a) “5-5/24*sec (b*x~2+a) "3-5/16*sec(b*x~2+a)) *tan (b* ‘
‘ x~2+a)+5/16%1n(sec (b*x~2+a)+tan(b*x~2+a))) \

3.15.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.11

/x sec’ (a + bz?®) dx

15 cos (b2 + a)°®log (sin (b2 4 a) 4+ 1) — 15 cos (bz2 + a)° log (— sin (b2 + a) + 1) + 2 <15 cos (bz? + a
B 192b cos (bz2 + a)°

p
inputtintegrate(x*sec(b*x‘2+a)‘7,x, algorithm="fricas")

—

p

output‘ 1/192%(15*cos (b*x~2 + a)“6*log(sin(b*x~2 + a) + 1) - 15*cos(b*x~2 + a) ~6%1
‘og(—sin(b*x‘Q + a) + 1) + 2%(15%cos(b*x"2 + a)~4 + 10*cos(b*x"2 + a)~2 + 8
L)*sin(b*x’? + a))/(bxcos(b*x"2 + a)~6)

~

3.15.  [zsec” (a+ bz?) dz
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3.15.6 Sympy [F]

/xsec7 (a+b2?) dz = /xsec7 (a+ ba?) dz

-

input Lintegrate (x*sec (bxx**2+a) **7,x)

|

output LIntegral(x*sec(a + bkx**%2)**7, x)

~—

3.15.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2838 vs. 2(82) = 164.

Time = 0.45 (sec) , antiderivative size = 2838, normalized size of antiderivative = 31.53

/ zsec’ (a+ bz®) dz = Too large to display

input integrate(x*sec(b*x~2+a)~7,x, algorithm="maxima")

output | 1/192* (4% (15*sin(11%b*x~2 + 11%a) + 85*sin(9*b*x~2 + 9*a) + 198*sin(7*b*x"
2 + 7*a) - 198+sin(5*b*x”2 + 5*a) - 85*sin(3*b*x~2 + 3*a) - 15*sin(b*x~2 +
a))*cos(12xbxx~2 + 12*%a) - 60*(6*sin(10*b*x~2 + 10*a) + 15*sin(8*b*x"2 +
8%a) + 20*sin(6xbxx”"2 + 6%a) + 15*sin(4*b*x"2 + 4*a) + 6*sin(2*b*x"2 + 2*a
))*cos(11*%b*x"2 + 11%a) + 24*(85*sin(9*b*x"2 + 9*a) + 198*sin(7*b*x~2 + 7%
a) - 198*sin(5xb*x~2 + 5%a) - 85*sin(3*b*x"2 + 3*a) — 156*sin(b*x"2 + a))*c
0s(10*%b*x~2 + 10*a) — 340*(15*%sin(8*b*x~2 + 8*a) + 20*sin(6*b*x"2 + 6%*a) +
15%5in(4*b*x~2 + 4*a) + 6*sin(2%b*x~2 + 2*a))*cos(9*b*x~2 + 9*a) + 60*(19
8xsin(7*b*x~2 + 7*a) - 198*sin(5*bxx~2 + 5*a) - 85*sin(3*b*x~2 + 3*a) - 15
*sin(b*x~2 + a))*cos(8xbxx~2 + 8xa) - 792*(20*sin(6*b*x~2 + 6%a) + 15*sin(
4xbxx~2 + 4*a) + 6*sin(2*b*x"2 + 2%a))*cos(7*b*x"2 + 7*a) - 80%*(198*sin(5*
b*x"2 + 5%a) + 85*sin(3*b*x”2 + 3*a) + 15*sin(b*x"2 + a))*cos(6xb*x"2 + 6%
a) + 2376*(5*xsin(4xb*x~2 + 4%a) + 2*sin(2xb*x~2 + 2*a))*cos(5*b*x"2 + 5*a)
- 300%(17*sin(3*b*x~2 + 3*a) + 3*sin(b*x"2 + a))*cos(4*b*x"2 + 4*a) - 15x%
(2% (6*cos (10*b*x~2 + 10%a) + 15*cos(8*b*x”"2 + 8%a) + 20*cos(6*b*x~2 + 6%*a)
+ 15%cos(4%b*x"2 + 4*a) + 6*cos(2%b*x"2 + 2*a) + 1)*cos(12*b*x”2 + 12%*a)
+ cos(12%b*x"2 + 12*%a)”~2 + 12*(15*%cos(8*b*x"2 + 8*a) + 20*cos(6*b*x~2 + 6%
a) + 15%cos(4*b*x”2 + 4*a) + 6xcos(2*%b*xx"2 + 2*a) + 1)*cos(10*b*x~2 + 10*a
) + 36*%cos(10*b*x~2 + 10*a)~2 + 30*(20*cos(6*b*x~2 + 6*a) + 15xcos(4*xb*x~2
+ 4%a) + 6*cos(2%b*x~2 + 2%a) + 1)*cos(8*b*x~2 + 8*a) + 225*cos(8*b*x~...

3.15.  [zsec” (a+ bz?) dz
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3.15.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.94

/zsec7 (a + bx2) dr =

2 (15 sin (b:z:2+a,) 5 —40 sin (bm2 +a,) 3+33 sin (b:l:2 +a) )

(sin(ba+a)> 1) — 15 log (sin (b2® + @) + 1) + 15 log (—sin (bz® + a) + 1)

1925

input‘integrate(x*sec(b*x“2+a)“7,x, algorithm="giac")

output| -1/192+(2#(15*sin(b*x"2 + a)~5 - 40*sin(b*x"2 + a)~3 + 33xsin(b*x"2 + a))/ |
‘(sin(b*x‘2 + a)”2 - 1)73 - 156%log(sin(b*x"2 + a) + 1) + 15%log(-sin(b*x"2
+a) + 1))/b |

3.15.9 Mupad [B] (verification not implemented)

Time = 25.42 (sec) , antiderivative size = 496, normalized size of antiderivative = 5.51

51 5wealieba:21i z 51 5wea1iebz2 1i
5ln( S 5 51In (% 5

/msec7 (a+bx2) dr = 395 — 395
e3ibm2+a 3i gj

+ 3b (5 e2ibx2+a2i + 10 e4iba:2+a4i + 10 eGiwa-‘raGi + 5e8ibx2+a8i + elOisz—i-alOi + 1)
elibx2+a1i 1i e1ib:132+¢1 1i 5i
- 6bd (3 e2ib:1:2+a2i + 3e4ibx2+a4i _|_eGibz2+a6i + 1) - 16 b (e2ibx2+a2i + 1)
. 2 . .
e51bac +a 51 16i

+ - - - - - - - - - - - -
3b (6 e21bw2+a2l +15 e41bm2+a41 + 20 e61bx2+a61 +15 eSlbx2+a81 +6 elOlbx2+a 10i + el?lbx2+a 12i + 1)
libz2+aliq;
e 1i

+ b (4 e2ibx2+a,2i + Ge4ibw2+a4i + 466ib$2+a6i + eSibz2+a8i + 1)

elibzz—l—a 1i 51
24 b (2 e2iba:2+a2i + e4ibm2+a4i + 1)

inputtint(x/cos(a + b*xx~2)"7,x%) J

3.15.  [zsec” (a+ bz?) dz



output
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/(5*log(- (x*5i)/8 - (B5*x*exp(a*1i)*exp(b*x~2x1i))/8))/(32%b) - (5*xlog((x*5

i)/8 - (B*x*xexp(a*1i)*exp(b*x~2x1i))/8))/(32xb) + (exp(a*3i + b*x~2%31)*8i
)/ (3%b* (5*exp(a*2i + b*x"2*%2i) + 10*exp(a*4i + b*x"2*4i) + 10*exp(a*6i + b
*x"2%6i) + b¥exp(a*x8i + b*x"2*8i) + exp(a*x10i + b*x"2*%10i) + 1)) - (exp(ax*
1i + b*x"2%1i)*1i)/(6%b*(3*exp(a*2i + b*x"2%2i) + 3xexp(a*4i + b*xx"2%4i) +
exp(a*6i + b*x"2x6i) + 1)) - (exp(a*li + b*x~2*1i)*5i)/(16*bx(exp(a*2i +
b*x~2%2i) + 1)) + (exp(a*bi + b*x"2%5i)*161i)/(3*b*(6*exp(a*x2i + b*x"2%*2i)
+ 15xexp(a*4i + bxx"2%4i) + 20*exp(a*6i + b*x~2%6i) + 15*exp(a*8i + b*x~2x
8i) + 6%exp(ax10i + b*x"2%10i) + exp(a*12i + bxx"2%12i) + 1)) + (exp(axli
+ b*x"2%1i)*1i)/(b* (4*exp(a*x2i + bxx"2*2i) + 6xexp(a*4di + b*x"2*4i) + 4xex
p(a*x6i + b*x"2*6i) + exp(a*8i + b*x"2*8i) + 1)) - (exp(a*li + b*x"2%1i)*5i
)/ (24xbx (2xexp(a*2i + bxx~2%2i) + exp(a*4i + bxx"2%4i) + 1))

3.15.  [zsec” (a+ bz?) dz




output
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5
X
3.16 f a-+bsec(c+dz?) dz
3.16.1 Optimalresult . . . . . . .. . ... ... 1221
3.16.2 Mathematica [A] (verified) . . . . . . . . ... ... L Lo oL 123
3.16.3 Rubi [A] (verified) . . . . . ... . ... 123
3.164 Maple [F] . . . . . . . 125
3.16.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .. 1251
3.16.6 Sympy [F] . . . . . 126
3.16.7 Maxima [F] . . . . . ... 126
3.16.8 Giac [F] . . . . . o o e 126!
3.16.9 Mupad [F(-1)] . . . . o oo 127

3.16.1 Optimal result

Integrand size = 18, antiderivative size = 382

3 4 i(c+dz2) . i(c+dz2)
5 46 tbz*log [ 1+ ba—e\/——TW ibztlog ( 1+ ﬁ/_—aziw
dr = — + -
/ a + bsec (¢ + dz?) ¥~ 6a 2av/—a? + b%d 2av/—a? + b%d
aei(c+d:c2) aei(c+dw2)
bz? PolyLog (2, SNy~ v bz? PolyLog | 2, T —azi?
4 _
av/—a? + b2d? av —a? + b2d?
il c a:2 il c a:2
ib PolyLog (3, —%) ib PolyLog (37 ﬂf_ﬁ}%)
_|_ i
av —a? + b2d? av/ —a? + b*d?

1/6*x"6/a+1/2*xI*b*x~4*1n(1+axexp (I*(d*x~2+c))/(b-(-a~2+b~2)~(1/2)))/a/d/ (-
a”2+b~2) " (1/2)-1/2*Ixbxx"4*1n(1+a*exp (I* (d*xx~2+c) )/ (b+(-a~2+b"2)~(1/2)))/a
/d/ (-a~2+b~2) ~(1/2) +b*x~2*polylog (2, -a*exp (I* (d*x~2+c))/(b-(-a~2+b~2)~(1/2
)))/a/d~2/(-a~2+b~2) "~ (1/2) -bxx"2*polylog(2,-a*exp (I*(d*x~2+c) )/ (b+(-a~2+b"
2)°(1/2)))/a/d"2/(-a~2+b~2) " (1/2) +I*b*polylog(3,-a*exp (I*(d*x"2+c))/(b-(-a
~2+b72)"(1/2)))/a/d"3/(-a”2+b"2) " (1/2) -I*b*polylog (3, -a*exp (I* (d*x"2+c)) /(
b+(-a~2+b~2)~(1/2)))/a/d"3/(-a"2+b~2) ~(1/2)

316. [ dx

a+bsec(c+dz?)
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3.16.2 Mathematica [A] (verified)

Time = 1.10 (sec) , antiderivative size = 305, normalized size of antiderivative = 0.80

5
dz
/ a + bsec (c + dz?)
ilc .7;2 ilc :1:2
v/—a? + b2d3z8 + 3ibd?x* log (l - %) — 3ibd%z* log (l + %) + 6bdz? PolyLog (2, -
B 6a+/

input‘ Integrate[x~5/(a + b*Sec[c + d*x~2]),x] ‘

output (Sqrt[-a~2 + b~2]*d~3*x~6 + (3*I)*bkd~2%x~4*Log[1l - (a*E~(I*(c + d*x~2)))/
(-b + Sqrt[-a”"2 + b72])] - (3*I)#*b*d~2*x~4*Logl[l + (a*E~(I*(c + d*x"2)))/(
b + Sqrt[-a”2 + b~2])] + 6*bxd*x~2*PolyLog[2, (a*E~(I*(c + d*x~2)))/(-b +
Sqrt[-a”2 + b~2])] - 6*b*d*x~2*PolyLog[2, -((a*E~(I*(c + d*x~2)))/(b + Sqr
t[-a"2 + 72]))] + (6*I)*bxPolyLogl[3, (a*E~(I*(c + d*x~2)))/(-b + Sqrt[-a~
2 + b72])] - (6*I)*bxPolyLogl3, -((a*E~(I*(c + d*x~2)))/(b + Sqrt[-a”2 + b
~21))1)/(6*axSqrt[-a~2 + b~2]*d"3)

3.16.3 Rubi [A] (verified)
Time = 1.04 (sec) , antiderivative size = 383, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, number of rules _ 0.222, Rules used

integrand size
= {4692, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

$5
dzr
/ a + bsec (¢ + dz?)
l 4692

1 / zt 9
= dz
2 ) a+bsec(dz?+c)

| 3042

1/ z! dz?
2/ a+besc(de?+c+ %)
l'4679

235
3.16. f m dl‘



CHAPTER 3. LISTING OF INTEGRALS

1 / :ci — bz dx?
2 a a(b+acos(dz? + c))

l 2009
2ibPolyLog [ 3. - *) ) 9t PolyLog [ 3. 2" )} 9p2PolyLog (2. — 2"V 9b22 Polyl
1 yLog | 9, b—v/b—aZ yLog | 9, bvb2—aZ yLog | 4, == Yy
— —_ + J—
2 ad3V/b? — a2 ad3v/b? — a? ad?Vb? — a? a

;
input | Int[x"5/(a + b*Sec[c + d*x~2]),x]

output | (x76/(3*a) + (Ixbxx"4*Log[l + (a*E~(I*(c + d*x"2)))/(b - Sart[-a"2 + b~2])
1)/(axSqrt[-a~2 + b~2]*d) - (I*b*x"4*Logl[l + (a*xE~(I*(c + d*x~2)))/(b + Sq
rt[-a”2 + b~2])]1)/(axSqrt[-a"2 + b~2]*d) + (2%b*x"2*PolyLogl[2, -((a*E~(I*(
c + d*x~2)))/(b - Sqrt[-a~2 + b"2]))])/(a*xSqrt[-a"2 + b~2]*d~2) - (2*b*xx"2
*PolyLog[2, -((a*E~(I*(c + d*x~2)))/(b + Sqrt[-a”2 + b~2]))])/(a*Sqrt[-a~2
+ b"2]*d"2) + ((2*I)*b*PolyLogl[3, -((a*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2

+ b72]))]1)/(a*Sqrt[-a”2 + b~2]1*d"3) - ((2*I)*b*PolyLogl[3, -((a*E~(I*(c + d
*x72)))/(b + Sqrt[-a”2 + b72]))]1)/(a*Sqrt[-a”2 + b~2]*d"3))/2

3.16.3.1 Defintions of rubi rules used

-

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 | Int[(cscl[(e_.) + (£_.)*(x_)]1*(b_.) + (a_))~(a_.)*((c_.) + (a_.)*_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 4692 Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol

1 :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~

p> x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

935
3.16. f m dl‘
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3.16.4 Maple [F]

5
dz
/a-l-bsec (dx?+c)

inputLint(x“5/(a+b*sec(d*x“2+c)),x)

output Lint (x~5/ (a+b*sec(d*x~2+c)) ,x)

3.16.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1457 vs. 2(330) = 660.

Time = 0.44 (sec) , antiderivative size = 1457, normalized size of antiderivative = 3.81

5
x
dz = Too 1 to displ
/a+bsec(c+dac2) o 00 Jatge 1o dispiay

input  integrate(x~5/(a+b*sec(d*x”2+c)),x, algorithm="fricas")

output 1/12%(2%(a™2 - b"2)*d"3%x"6 - 6*a*bkd*x~2*sqrt(-(a~2 - b~2)/a~2)*dilog(-(b
xcos(d*x"2 + c) + I*bxsin(d*x"2 + c) + (a*cos(d*x"2 + c) + Ixa*xsin(d*x~2 +
c))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + 6*axb*d*x"2*sqrt(-(a”2 - b~2)/a"
2)*dilog(-(b*cos(d*x"2 + c) + Ixb*sin(d*x~2 + c) - (a*cos(d*x"2 + c) + I*a
*sin(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) - 6*axb*d*x"2*sqrt(-(a
~2 - b"2)/a"2)*dilog(-(b*cos(d*x~2 + c) - I*b*sin(d*x"2 + c) + (axcos(d*x~
2 + ¢) - I*xaxsin(d*x"2 + c))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + 6xa*xbxd*
x"2xsqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(d*x"2 + c) - Ixb*sin(d*x"2 + c) -
(axcos(d*x"2 + c) - I*axsin(d*x"2 + c))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1
) + 3xI*xaxbxc™2xsqrt(-(a”2 - b"2)/a"2)*log(2*a*cos(d*x"2 + c) + 2xI*xa*sin(
d*x"2 + c) + 2%a*sqrt(-(a”2 - b~2)/a"2) + 2xb) - 3*kI*a*b*c 2*sqrt(-(a~2 -
b~2) /a~2) ¥log(2*a*xcos(d*x~2 + c) - 2xIxa*sin(d*x"2 + c) + 2xa*sqrt(-(a”2 -
b~2)/a"2) + 2xb) + 3*I*axb*c~2*sqrt(-(a”2 - b~2)/a"2)*log(-2*a*cos(d*x"2
+ c) + 2*Ikxa*sin(d*x”2 + c) + 2%a*sqrt(-(a”2 - b~2)/a"2) - 2%b) - 3*I*axbx
c"2xsqrt(-(a”2 - b~2)/a"2)*log(-2*a*cos(d*x"2 + c) - 2xI*a*sin(d*x"2 + c)
+ 2%a*xsqrt(-(a”2 - b72)/a"2) - 2xb) - 6*I*axbxsqrt(-(a”2 - b~2)/a"2)*polyl
0g(3, —-(b*cos(d*x"2 + c) + I*b*sin(d*x"2 + c) + (axcos(d*x~2 + c) + I*axsi
n(d*x~2 + c))*sqrt(-(a”2 - b72)/a"2))/a) + 6*I*a*b*sqrt(-(a”2 - b~2)/a"2)*
polylog(3, -(b*cos(d*x~2 + c) + I*b*sin(d*x~2 + c) - (a*cos(d*x"2 + c) + I
*a*sin(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2))/a) + 6*I*axb*sqrt(-(a”2 - b~...

235
3.16. f m dl‘
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3.16.6 Sympy [F]

z° z°
y/ﬁ dx==u/n dz
a + bsec (c + dz?) a + bsec (c + dz?)

inputLintegrate(x**5/(a+b*sec(d*x**2+c)),X)

outputLIntegral(x**S/(a + bksec(c + d*x**2)), x)

3.16.7 Maxima [F]

z° z°
u/“ dm==u/n dz
a + bsec (¢ + dz?) bsec(dz?+c)+a

inputLintegrate(x“5/(a+b*sec(d*x‘2+c)),x, algorithm="maxima")

output

1/6%(x~6 - 12xa*b*integrate((a*x"b*cos(2*d*x"2 + 2*c)*cos(d*x"2 + c) + 2*b
*x"5xcos(d*x”2 + ¢)~2 + a*x"5*sin(2*%d*x"2 + 2*c)*sin(d*x”~2 + c) + 2*xb*x"5*
sin(d*x"2 + c)~2 + a*x"bkcos(d*x"2 + c))/(a"3*cos(2*d*x"2 + 2%c)"2 + 4xaxb
“2%cos(d*x”2 + ¢€)72 + a"3*sin(2*d*x"2 + 2*c) "2 + 4*a~2¥bxsin(2*d*x"2 + 2%*c
Yksin(d*x"2 + c) + 4*a*b~2xsin(d*x"2 + c)”2 + 4*a”2xbk*cos(d*x"2 + c) + a”3
+ 2% (2*a"2*b*cos(d*x"2 + c) + a"3)*cos(2*d*x"2 + 2%c)), x))/a

3.16.8 Giac [F]

z° z°
u/“ dx::u/" dz
a + bsec (¢ + dz?) bsec (dz? +c¢) +a

inputLintegrate(x‘5/(a+b*sec(d*x‘2+c)),x, algorithm="giac")

output‘integrate(x“5/(b*sec(d*x“2 +c) +a), x)

935
3.16. f m dl‘
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3.16.9 Mupad [F(-1)]

Timed out.

/ cal dr = / x—S dz
a+bsec(c+dz?) ) a+ —Cos(dl;2+c)

input Lint(x“S/(a + b/cos(c + d*x~2)),x)

output Lint(x‘s/(a + b/cos(c + d*x~2)), x)

316. [ dx

a+bsec(c+dz?)
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3.17 | 2’ dz

a-+bsec(c+dz?)
3.17.1 Optimal result . . . . . . . . . ... 128]
3.17.2 Mathematica [N/A] . . . . ... .. . 128
3.17.3 Rubi [N/A] . . . . 129
3.17.4 Maple [N/A] (verified) . . . . . . ... ... 129
3.17.5 Fricas [N/A] . . . . . . 1301
3.17.6 Sympy [N/A] . . . . 130
3.17.7 Maxima [N/A] . . . . . . 130
3.17.8 Giac [N/A] . . . o o 131
3.17.9 Mupad [N/A] . . . o 131

3.17.1 Optimal result

Integrand size = 18, antiderivative size = 18

zt zt
/ a+ bsec (¢ + dx?) de = Int(a—l— bsec (c+ dm2)’m)

outputLUnintegrable(x“4/(a+b*sec(d*x“2+c)),x) J

3.17.2 Mathematica [N/A]
Not integrable

Time = 1.77 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ dz =/ dz
a + bsec (c + dz?) a + bsec (c + dz?)

inputLIntegrate[x“4/(a + bxSec[c + d*x~2]),x] J

output LIntegrate [x~4/(a + b*Sec[c + d*x~2]), x] J

24
317 f m dlL‘
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3.17.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

A
dz
/ a + bsec (¢ + dz?)
| 4694

7
dx
/ a + bsec (c + dz?)

input‘ Int[x~4/(a + bxSec[c + d*x~2]),x]

output L$Aborted

3.17.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d, m,
n, p}, x]

N\

3.17.4 Maple [N/A] (verified)

Not integrable

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

!
dz
/a-l—bsec (dz?+c¢)

input Lint (x~4/ (at+b*sec(d*x"2+c)) ,x)

e

output Lint (x~4/ (a+b*sec(d*x~2+c)) ,x)

~—  /

24
317 f m dlL‘
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3.17.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ dz = / dz
a + bsec (¢ + dz?) bsec (dz? +c¢) +a

inputLintegrate(x*4/(a+b*sec(d*x*2+c)),x, algorithm="fricas")

output‘ integral(x~4/(b*sec(d*x”2 + c) + a), x)

3.17.6 Sympy [N/A]

Not integrable

Time = 0.46 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

zt zt
/ dz =/ dz
a + bsec (c + dz?) a + bsec (c + dz?)

input Lintegrate (x**x4/ (a+bxsec (d*xx**2+c)) ,x)

output LIntegral(x**ll/(a + bksec(c + d*x**2)), x)

3.17.7 Maxima [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 252, normalized size of antiderivative = 14.00

zt zt
/ dr = / dz
a + bsec (¢ + dz?) bsec (dz?+c) +a

input Lintegrate (x74/(at+b*sec(d*x"2+c)) ,x, algorithm="maxima")

24
317 f m dl‘
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output | 1/5%(x~5 - 10*a*b*integrate((a*x~4xcos(2xd*x~2 + 2xc)*cos(d*x™2 + c) + 2%b
*x"4xcos(d*x”2 + ¢)72 + a*x"4*sin(2*%d*x"2 + 2*c)*sin(d*x”"2 + c) + 2*xb*x"4x
sin(d*x"2 + ¢)~2 + a*x"4*cos(d*x"2 + c))/(a"3*cos(2*xd*x"2 + 2*c)~2 + 4x*xaxb
~2xcos(d*x"2 + c)72 + a”3*sin(2*d*x"2 + 2%*c) "2 + 4*a"2*xb*sin(2*d*x"2 + 2*c
Y*sin(d*x”2 + c) + 4*axb"2*xsin(d*x”2 + c)”2 + 4*a"2xbxcos(d*x"2 + c) + a”3
+ 2% (2%xa~2*xb*cos(d*x~2 + c) + a~3)*cos(2*%d*x"2 + 2*c)), x))/a

3.17.8 Giac [N/A]

Not integrable

Time = 0.33 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ dr = / dz
a+ bsec (c + dx?) bsec(dz?+c)+a

inputtintegrate(x‘4/(a+b*sec(d*x“2+c)),x, algorithm="giac")

outputLintegrate(x‘4/(b*sec(d*x‘2 +c) +a), x)

3.17.9 Mupad [N/A]
Not integrable

Time = 13.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

e
r= | ——— dx
a+ bsec (C + d.’E2) a+ cos(dlc)v2+c)

input Lint(x‘4/(a + b/cos(c + d*x~2)),x)

outputlint(x‘4/(a + b/cos(c + d*x~2)), x)

24
317 f m dlL‘
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3
X
3.18 f a-+bsec(c+dz?) dz
3.18.1 Optimal result . . . . . . ... .. .. 1321
3.18.2 Mathematica [B] (verified) . . . . . . ... ... . L Lo 132
3.18.3 Rubi [A] (verified) . . . . . ... .. 133
3.184 Maple [F] . . . . . . . 135
3.18.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 1351
3.18.6 Sympy [F] . . . . . e 136
3.18.7 Maxima [F] . . . . . . . 137
3.18.8 Giac [F] . . . . o o 137
3.18.9 Mupad [F(-1)] . . . o o 137

3.18.1 Optimal result

Integrand size = 18, antiderivative size = 261

i(c+dax? i ct+da?
3 24 ibz? log (1 + b‘i}%) ibz? log (1 + b‘f\/(%)
der=—+ -
/ a + bsec (¢ + dz?) " 4a 2a+/—a? + b2d 2a+v/—a? + bd
aei(c+d¢v2) aei(c-‘rde)
b POlyLOg (2, —m b POlyLOg 2, —m
_|_ —
2av—a? + b2d? 20+ —a? + b2d?

1/4%x~4/a+1/2*xTxb*x"~2*1n (1+axexp (I* (d*x~2+c) )/ (b-(-a~2+b~2)~(1/2)))/a/d/ (-
a~2+b~2) " (1/2)-1/2*Ixbxx~2*1n(1+a*xexp (I* (d*x~2+c) )/ (b+(-a~2+b"2)~(1/2)))/a
/d/(-a~2+b~2) "~ (1/2)+1/2*b*polylog(2,-a*exp (I* (d*x~2+c))/(b-(-a~2+b~2)~(1/2
)))/a/d~2/(-a~2+b~2) " (1/2)-1/2*b*polylog(2,-a*exp (I*(d*x~2+c))/ (b+(-a~2+b~
2)°(1/2)))/a/d~2/(-a~2+b"2)~(1/2)

3.18.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 845 vs. 2(261) = 522.

318. [ dx

a+bsec(c+dz?)
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Time = 1.61 (sec) , antiderivative size = 845, normalized size of antiderivative = 3.24

23
dz
/ a + bsec (c + dz?)

a2 _p2 a2 _p2

2 (2 (c+da?)arctanh < (ot cot(§ (c+de?)) ) —2(c+arceos(— 2 ) )arctanh ( (o) ten(§ (c+de?))

/

(b+ acos (c+dz?)) | z* —

input Integrate[x~3/(a + b*Sec[c + d*x~2]),x]

output

((b + axCos[c + d*x"2])*(x"4 - (2xb*(2*(c + d*x~2)*ArcTanh[((a + b)*Cot[(c
+ d*x~2)/2]1)/Sqrt[a”2 - b~2]] - 2%(c + ArcCos[-(b/a)])*ArcTanh[((a - Db)*T
an[(c + d*x~2)/2])/Sqrt[a~2 - b~2]] + (ArcCos[-(b/a)] - (2*I)*ArcTanh[((a
+ b)*Cot[(c + d*x~2)/2])/Sqrt[a”2 - b~2]] + (2*I)*ArcTanh[((a - b)*Tan[(c
+ d*x~2)/2])/Sqrt[a”"2 - b~2]])*Log[Sqrt[a~2 - b~2]/(Sqrt[2]*Sqrt[a]l*E~ ((I/
2)*(c + d*x~2))*Sqrt[b + axCos[c + d*x~2]])] + (ArcCos[-(b/a)] + (2*I)=*(Ar
cTanh[((a + b)*Cot[(c + d*x~2)/2])/Sqrt[a"2 - b~2]] - ArcTanh[((a - b)*Tan
[(c + d*x~2)/2])/Sqrt[a”2 - b~2]]))*Logl[(Sqrt[a~2 - b 2]*E~((I/2)*(c + d*x
~2)))/(Sqrt[2]*Sqrt [a]l*Sqrt[b + a*Cos[c + d*x~2]1]1)] - (ArcCos[-(b/a)] - (2
*I)*ArcTanh[((a - b)*Tan[(c + d*x~2)/2])/Sqrt[a”2 - b~2]]1)*Logl[((a + b)*(a
- b - IxSqrt[a~2 - b~2])*(1 + I*Tan[(c + d*x~2)/2]))/(a*(a + b + Sqrt[a~2
- b™2]*Tan[(c + d*x~2)/21))] - (ArcCos[-(b/a)] + (2*I)*ArcTanh[((a - D)*T
an[(c + d*x~2)/2])/Sqrt[a"2 - b~2]])*Logl((a + b)*((-I)*a + I*b + Sqrt[a~2
- b72]1)*(I + Tan[(c + d*x"2)/2]))/(a*(a + b + Sqrt[a”2 - b~2]*Tan[(c + dx*
x72)/2]))] + I*(PolyLogl[2, ((b - I*Sqrt[a”2 - b"2])*(a + b - Sqrt[a™2 - b~
2]*Tan[(c + d*x~2)/2]))/(a*x(a + b + Sqrt[a~2 - b~2]*Tan[(c + d*x~2)/2]))]
- PolyLog[2, ((b + I*Sqrt[a”2 - b~2])*(a + b - Sqrt[a”2 - b~2]*Tan[(c + d*
x72)/2]))/(ax(a + b + Sqrt[a™2 - b"2]*Tan[(c + d*x~2)/2]))1)))/(Sqrt[a”2 -
b~2]*d"2))*Sec[c + d*x~2])/(4*ax(a + bxSec[c + d*x"2]))

3.18.3 Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 256, normalized size of antiderivative = 0.98,
number of steps used = 5, number of rules used = 4 number of rules _ 0.222, Rules used

' integrand size
= {4692, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

318. [ dx

a+bsec(c+dz?)
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23
dz
/ a + bsec (¢ + dz?)
| 4692

1 / z? 9
= dz
2 ) a+bsec(dz?+ c)

| 3042

1 / z? 9
- dxr
2) a+besc(dz?+c+ %)

l'4679

1/ a’j_ ba? dx?
2 a a(b+acos(dz?+c))

l 2009

aei (d12+c) aei(dz2+c) . 2 aei(c+dz2) . 2 aei(c+d:
1 b POlyLOg 2, —m b POlyLOg 2, —m 'me lOg 1 + m 'be log 1 + \/m
— + —
2 ad?v/b% — a2 ad?v/b? — a? adv/b? — a2 adv/b? — a2

input LInt [x~3/(a + b*Sec[c + d*x~2]),x] J

output | (x74/(2%a) + (I*b*x"2#Log[l + (a*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2 + b~2])
1)/(axSqrt[-a~2 + b~2]*d) - (I*bxx~2+Log[l + (a*E~(I*(c + d*x~2)))/(b + Sq
rt[-a”2 + b72])])/(a*Sqrt[-a"2 + b"2]*d) + (bxPolyLog[2, -((a*xE~(I*(c + d*
x72)))/(b - Sqrt[-a~2 + b72]))]1)/(a*Sqrt[-a~2 + b"2]1*d"2) - (b*PolyLogl2,
-((a*E~(I*(c + d*x~2)))/(b + Sqrt[-a~2 + b~2]))]1)/(a*Sqrt[-a~2 + b~2]*d"2)
)/2

3.18.3.1 Defintions of rubi rules used

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

e B

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3042

933
3.18. f m dl‘
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rule 4679 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 4692 Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
ps x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n]l, 0] && IntegerQ[p]

3.18.4 Maple [F]

73
dz
/a-l—bsec (dz?+c¢)

input Lint (x73/ (a+b*sec(d*x"2+c)) ,x)

output Lint (x~3/(at+b*sec(d*x~2+c)) ,x)

3.18.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1060 vs. 2(221) = 442.

Time = 0.40 (sec) , antiderivative size = 1060, normalized size of antiderivative = 4.06

3
T
/ a+ bsec (c + dz?) z oo large to display

input Lintegrate (x~3/ (atb*sec(d*x~2+c)) ,x, algorithm="fricas")

318. [ dx

a+bsec(c+dz?)



output
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1/4x((a"2 - b~2)*d"2*x"4 - Ixaxb*c*sqrt(-(a”2 - b~2)/a"2)*log(2*a*cos(d*x~
2 + c) + 2*I*axsin(d*x"2 + c) + 2*axsqrt(-(a™2 - b~2)/a"2) + 2%b) + I*axb*
cxsqrt(-(a”™2 - b~2)/a"2)*log(2*a*cos(d*x"2 + c) - 2*I*axsin(d*x"2 + c) + 2
xa*xsqrt(-(a”2 - b"2)/a"2) + 2xb) - Ixa*bxc*sqrt(-(a”2 - b~2)/a"2)*log(-2+*a
xcos(d*x"2 + c) + 2xI*a*sin(d*x"2 + c) + 2*axsqrt(-(a™2 - b72)/a"2) - 2%b)
+ Ixa¥bkcxsqrt(-(a™2 - b~2)/a"2)*log(-2*a*cos(d*x"2 + c) - 2*I*a*xsin(d*x"
2 + ¢) + 2*xaxsqrt(-(a”2 - b~2)/a"2) - 2*b) - axb*sqrt(-(a”2 - b~2)/a"2)*di
log(-(b*cos(d*x"2 + c) + Ixb*sin(d*x"2 + c) + (axcos(d*x"2 + c) + I*a*sin(
d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + a*bxsqrt(-(a”2 - b"2)/a"2
)*dilog(-(b*cos(d*x~2 + c) + I*b*sin(d*x”"2 + c) - (a*cos(d*x"2 + c) + Ixax
sin(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) - axb*sqrt(-(a”2 - b72)
/a~2)*dilog(-(b*cos(d*x"2 + c) - Ixb*sin(d*x~2 + c) + (a*cos(d*x"2 + c) -

Ixa*sin(d*x~2 + c))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + axb*sqrt(-(a™2 -

b~2)/a~2) *dilog(-(b*cos(d*x~"2 + c) - I*b*sin(d*x"2 + c) - (a*cos(d*x"2 + c
) - I*axsin(d*x~2 + c))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - (I*axb*xd*x"2

+ Ixaxb*c)*sqrt(-(a~2 - b~2)/a"2)*log((b*xcos(d*x~2 + c) + I*bxsin(d*x~2 +

c) + (axcos(d*x"2 + c) + Ixa*sin(d*x~2 + c))*sqrt(-(a"2 - b~2)/a"2) + a)/a
) = (~Ixaxb*d*x~2 - Ixa*b*c)*sqrt(-(a”2 - b~2)/a~2)*log((b*xcos(d*x~2 + c)

+ Ixb*sin(d*x~2 + c) - (a*cos(d*x™2 + c) + I*a*sin(d*x”~2 + c))*sqrt(-(a~2

- b™2)/a"2) + a)/a) - (-I*axb*d*x~2 - I*axbxc)*sqrt(-(a"2 - b~2)/a"2)*1...

-

3.18.6 Sympy [F]

x3 z3
u/“ dx==u/n dz
a + bsec (¢ + dx?) a + bsec (c + dx?)

inputLintegrate(x**S/(a+b*sec(d*x**2+c)),X)

output

N

~—

Integral (x**3/(a + b*sec(c + d*x**2)), x)

233
3.18. f m dl‘
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3.18.7 Maxima [F]

z3 z3
/ dr = / dz
a + bsec (¢ + dz?) bsec (dz?+c) +a

inputLintegrate(x‘S/(a+b*sec(d*x‘2+c)),x, algorithm="maxima")

output | 1/4%(x~4 - 8*a*b*integrate((a*x~3*cos(2*d*x~2 + 2*c)*cos(d*x™2 + c) + 2*b*
x"3*%cos(d*x"2 + ¢)~2 + axx”3*sin(2%d*x"2 + 2%c)*sin(d*x"2 + c) + 2%b*xx"3*s
in(d*x"2 + ¢)72 + a*x"3*cos(d*x"2 + c))/(a"3*cos(2*%d*x"2 + 2%c) "2 + 4*axb”
2*cos(d*x"2 + ¢)72 + a~3*ksin(2*d*x"2 + 2%c) "2 + 4*a"2xbxsin(2xd*x"2 + 2%*c)
*sin(d*x~2 + c) + 4*a*b”2*sin(d*x"2 + c)~2 + 4*a”2*b*cos(d*x”2 + c) + a”3
+ 2% (2*a"~2*%bxcos(d*x”"2 + c) + a~3)*cos(2*d*x"2 + 2%c)), x))/a

3.18.8 Giac [F]

z3 z3
/ dr = / dz
a + bsec (¢ + dz?) bsec (dz? +c¢) +a

inputLintegrate(x“3/(a+b*sec(d*x“2+c)),x, algorithm="giac")

outputLintegrate(x‘3/(b*sec(d*x‘2 +c) +a), x)

3.18.9 Mupad [F(-1)]

Timed out.

z3 z3
dr = | ———d
/a+bsec(c+dw2) v /a+— v

b
cos(dz2+-c)

inputtint(x‘s/(a + b/cos(c + d*x~2)),x)

outputtint(x‘s/(a + b/cos(c + d*x~2)), x)

933
3.18. f m dl‘
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319 [—2 __dz

a-+bsec(c+dz?)
3.19.1 Optimal result . . . . . . . . . ... . 138]
3.19.2 Mathematica [N/A] . . . . ... .. 138
3.19.3 Rubi [N/A] . . . . o 139
3.19.4 Maple [N/A] (verified) . . . . . . . .. .. . 139
3.19.5 Fricas [N/A] . . . . . 140
3.19.6 Sympy [N/A] . . . . 1401
3.19.7 Maxima [N/A] . . . . . . . 1401
3.19.8 Giac [N/A] . . . o o 141
3.19.9 Mupad [N/A] . . . o 141

3.19.1 Optimal result

Integrand size = 18, antiderivative size = 18

z? z?
/ a+ bsec (¢ + dx?) de = Int(a—l— bsec (c+ dm2)’m)

outputLUnintegrable(x“2/(a+b*sec(d*x“2+c)),x) J

3.19.2 Mathematica [N/A]

Not integrable

Time = 1.54 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z2 z?
/ dz =/ dz
a + bsec (c + dz?) a + bsec (c + dz?)

inputLIntegrate[x“Q/(a + bxSec[c + d*x~2]),x] J

output LIntegrate [x~2/(a + b*Sec[c + d*x~2]), x] J

22
3.19. f m dlL‘
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3.19.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

22
dz
/ a + bsec (¢ + dz?)
| 4694

22
dx
/ a + bsec (c + dz?)

input‘ Int[x"2/(a + bxSec[c + d*x~2]),x]

output L$Aborted

3.19.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d, m,
n, p}, x]

N\

3.19.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

72
dz
/a-l—bsec (dz?+c¢)

input Lint (x~2/ (at+b*sec(d*x"2+c)) ,x)

e

output Lint (x~2/ (a+b*sec(d*x~2+c)) ,x)

~—  /

22
3.19. f m dlL‘
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3.19.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z2
/ dz = / dz
a + bsec (¢ + dz?) bsec (dz? +c¢) +a

inputLintegrate(x*2/(a+b*sec(d*x*2+c)),x, algorithm="fricas")

output‘ integral(x~2/(b*sec(d*x”2 + c) + a), x)

3.19.6 Sympy [N/A]

Not integrable

Time = 0.37 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

z? z?
/ dz =/ dz
a + bsec (c + dz?) a + bsec (c + dz?)

input Lintegrate (x**2/ (at+bxsec (d*xx**2+c)) ,x)

output LIntegral(x**Q/(a + bksec(c + d*x**2)), x)

3.19.7 Maxima [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 252, normalized size of antiderivative = 14.00

z? z?
/ dr = / dz
a + bsec (¢ + dz?) bsec (dz?+c) +a

input Lintegrate (x~2/ (at+b*sec(d*x"2+c)) ,x, algorithm="maxima")

22
3.19. f m dl‘
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output| 1/3*(x~3 - 6*a*b*integrate((a*x~2*cos(2*d*x~2 + 2*c)*cos(d*x~2 + c) + 2*b*
x"2%cos(d*x”~2 + c)72 + axx"2*sin(2*d*x”2 + 2*c)*sin(d*x"2 + c) + 2%b*x"2*s
in(d*x"2 + c)~2 + a*x"2%cos(d*x"2 + c))/(a"3*cos(2*d*x"2 + 2%c)~2 + 4xaxb”
2*cos(d*x"2 + ¢)72 + a"3*ksin(2*d*x"2 + 2%c) "2 + 4*a"2xbxsin(2*xd*x"2 + 2%*c)
*3in(d*x~2 + c) + 4*a*b"2*sin(d*x"2 + c)”~2 + 4*a”2*b*cos(d*x”2 + c) + a”3
+ 2% (2%xa~2xb*cos(d*x~2 + c) + a~3)*cos(2*d*x"2 + 2*c)), x))/a

3.19.8 Giac [N/A]

Not integrable

Time = 0.33 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dr = / dz
a+ bsec (c + dx?) bsec(dz?+c)+a

inputtintegrate(x‘2/(a+b*sec(d*x“2+c)),x, algorithm="giac")

outputLintegrate(x‘2/(b*sec(d*x‘2 +c) +a), x)

3.19.9 Mupad [N/A]
Not integrable

Time = 13.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

e o
r= | ——— dx
a+ bsec (C + d.’E2) a+ cos(dlc)v2+c)

input Lint(x‘Q/(a + b/cos(c + d*x~2)),x)

outputlint(x‘2/(a + b/cos(c + d*x~2)), x)

22
3.19. f m dlL‘
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I

3.20 f a+bsec(c+dz?) dz

3.20.1 Optimal result . . . . . . ... .. ..
3.20.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo o 142
3.20.3 Rubi [A] (verified) . . . . . . . .. ... 143}
3.20.4 Maple [A] (verified) . ... ... . ... .. 145
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1451
3.20.6 Sympy [F] . . . . . e 146
3.20.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ...
3.20.8 Giac [B] (verification not implemented) . . . .. ... ... ... ....... 147
3.20.9 Mupad [B] (verification not implemented) . . . .. ... ... . ... ... .. 147

3.20.1 Optimal result

Integrand size = 16, antiderivative size = 66

. ;2 Dbarctanh < mta‘n/ﬁ(;mﬁ)) )
do =2 —
/a+bsec (c+ dz?) T % ava —bva + bd

e B

1/2*x~2/a-b*arctanh((a-b) ~(1/2)*tan(1/2*d*x~2+1/2*c) /(a+b)~(1/2))/a/d/(a-b
)7(1/2)/ (a+b) " (1/2)

output

3.20.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.02

serctaah(C= (i)

a2 _p2

¢ +a%+
dr =

/ T VaZ—b2d
a + bsec (c + dz?) 2a

input‘ Integrate[x/(a + b*Sec[c + d*x~2]),x]

output} (c/d + x™2 + (2*b*ArcTanh[((-a + b)*Tan[(c + d*x~2)/2])/Sqrt[a~2 - b~2]1]1)/
‘(Sqrt[a“2 - b~2]*d))/(2*a)

3.20. dz

z
f a+bsec(c+dz?)
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3.20.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.02, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 375 Ry jaq ysed = {4692,

integrand size
3042, 4270, 3042, 3138, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a: dr
a + bsec (c + dz?)
l 4692

E / 1 dz?
2 ) a+bsec(dz?+c)
| 3042

1/ 1 dz?
2) a+besc(de?+c+ %)

l'4270
— L dx?
1| 22 I acos(dette) |y
2| @ 4
J,3042
%d 2
1( a? j’ww%*f**5)+l ’
2l @ a
l'3138
1 z2 2IW(itan (%(d$2+0))
2\ a ad
l 921
Va—btan(2 (c+dz?))
1 22 ~ 2barctanh( \/ﬁ )
2\ a adva —bvVa+b

-

input LInt [x/(a + bxSec[c + d*x~2]),x]

3.20. f a-l—bsecmm dl‘



output

rule 221

rule 3042

rule 3138

rule 4270

rule 4692
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‘ (x~2/a - (2*b*ArcTanh[(Sqrt[a - bl*Tan[(c + d*x~2)/2])/Sqrt[a + bl])/(a*Sq
Lrt [a - bl*Sqrt[a + bl*d))/2

3.20.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*xe™2%x"2), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, 4}, x]
&& NeQ[a~2 - b~2, 0]

Int[(escl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sinl[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
ps x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

3.20. f a-l—bsecmm dlL‘
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3.20.4 Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.06

method result size

2
(a—b) tan<igf+%)

)) 2b arctanh W

2
dz c
2 arctan (tan ( S5 —+ 3

derivativedivides = et 70
(a—b) tan(%{—%) )

2 2b arctanh| ——F——~ 7
2arctan<tan<i2$7+%>> (a—b)(a+b)

default a - (a—b)(atd) 70
i(d12+6) _w> ( i(d12+6) M)
risch 2 4 bln(e vara ) (e MG 160
2a 2va2—b? da a2 —b2 da
input| int (x/ (a+b¥sec(d*x"2+c)) ,x,method=_RETURNVERBOSE) ]

output‘1/2/d*(2/a*arctan(tan(1/2*d*x“2+1/2*c))—2*b/a/((a—b)*(a+b))“(1/2)*arctanh(
‘ (a-b)*tan(1/2%d*x~2+1/2%c) /((a-b)*(a+b) )~ (1/2)))

3.20.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 251, normalized size of antiderivative = 3.80

/ ° dz
a + bsec (c + dz?)

2 12 2 /573 2 abcos (dz2+c) — (a2 -2 b2) cos (d:z:2 +c) 2_9 va2—b2? (b cos (dz2+c) +a) sin (dm2+c) +2a2—b2
_ 2 (a b )d:r +va b2b 10g ( a2 cos(dz2+c)2+2 ab cos(dz2+c)+b2
4 (a® — ab?)d ’
inputLintegrate(x/(a+b*sec(d*x“2+c)),x, algorithm="fricas") J

output | [1/4x(2x(a"2 - b"2)*d*x"2 + sqrt(a™2 - b~2)*b*log((2*axb*xcos(d*x~2 + c) -
(2”2 - 2xb"2)*cos(d*x"2 + c)~2 - 2*xsqrt(a”2 - b"2)*(b*cos(d*x"2 + c) + a)*
sin(d*x"2 + c) + 2*a"2 - b"2)/(a"2*cos(d*x"2 + c)~2 + 2*axbxcos(d*x"2 + c)
+ b72)))/((a"3 - a*b~2)*d), 1/2*x((a"2 - b"2)*d*x"2 - sqrt(-a”2 + b~2)*b*a
rctan(-sqrt(-a~2 + b~2)*(b*cos(d*x"2 + c) + a)/((a"2 - b~2)*sin(d*x"2 + c¢)
)))/((a~3 - a*xb~2)*d)]

3.20. f a-l—bsecmm dlL‘
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3.20.6 Sympy [F]

t/“ ° dx-—b/a ° dz
a+bsec(c+dx?) ~ | a+bsec(c+ dz?)

.
input | integrate(x/(atb*sec(d*x**2+c)),x)

output‘Integral(x/(a + bxsec(c + d*x**2)), x)

3.20.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7945 vs. 2(55) = 110.

Time = 28.61 (sec) , antiderivative size = 7945, normalized size of antiderivative = 120.38

z
dx = Too 1 to displ
/ a + bsec (c + dz?) X oo large to display

input  integrate(x/(a+b*sec(d*x"2+c)),x, algorithm="maxima")

output | 1/2*(sqrt(-a”2 + b~2)*d*x"2 - b*arctan2(2*(4*(a"6 - a~4*b~2)*cos(d*x"2 + 2
*c) “4*cos(c)*sin(c) - 4*(a”6 - a~4*b~2)*cos(c)*sin(d*x”~2 + 2*c) “4*sin(c) +
4*%(3*%(a"5*%b - a~3*b~3)*cos(c) "2*sin(c) + (a~5*b - a~3*b~3)*sin(c)~3)*cos(
d*x~2 + 2%c)"3 - 4x((a"5*b - a"3*b"3)*cos(c)”3 + 3*(a"5*b - a~3*b~3)*cos(c
Yxsin(c)”2 + ((a”™6 - a~4*b~2)*cos(c)”2 - (a"6 - a~4*b~2)*sin(c) ~2)*cos(d*x
2 + 2%c))*sin(d*x"2 + 2%c)”3 - 4x((a”6 - 5*a"4*b”2 + 4xa”2xb"4)*cos(c) 3%
sin(c) + (a6 - 5*%a~4*xb"2 + 4*a~2xb~4)*cos(c)*sin(c) ~3)*cos(d*x™2 + 2%c)~2
+ 4% ((a™6 - 5*%a”4*b"2 + 4*a~2*b~4)*cos(c) “3*sin(c) + (a”6 - 5*xa~4*xb"2 + 4
*a~2+%b~4)*cos(c)*sin(c) "3 - 3*((a~5*b - a~3*%b~3)*cos(c)"2*sin(c) - (a~5*b
- a”3%b"3)*sin(c)"3)*cos(d*x"2 + 2xc))*sin(d*x"2 + 2%c)"2 - 4x((a"b*b - 3*
a~3xb~3 + 2xaxb”5)*cos(c) "4*sin(c) + 2*(a”b*b - 3*a”3*b~3 + 2*axb~5)*cos(c
) 2%sin(c) "3 + (a”5*b - 3*a~3%b~3 + 2*axb~5)*sin(c)~5)*cos(d*x"2 + 2%c) +
4% ((a"5*%b - 3*a~3*b~3 + 2*a*b~5)*cos(c)”5 + 2*(a~b*b - 3*a~3%b~3 + 2*xa*b”5
Y*cos(c)"3*sin(c) "2 + (a~5xb - 3*a"3*b~3 + 2*a*b~5)*cos(c)*sin(c)”4 - ((a~
6 - a~4xb"2)*cos(c)”2 - (a"6 - a~4*b"2)*sin(c) "2)*cos(d*x"2 + 2%c)"3 - 3*(
(a~5*%b - a~3*%b~3)*cos(c)~3 - (a~5%b - a~3*b"3)*cos(c)*sin(c) ~2)*cos(d*x"2
+ 2%c)"2 + ((a”6 - 5%a~4*xb”~2 + 4*a”2%b"4)*cos(c)”4 - (a”6 - 5*a”4*b"2 + 4%
a~2*b~4)*sin(c) “4) *cos(d*x~2 + 2*c))*sin(d*x"2 + 2*c) + (a~b*xcos(c)*sin(d*
X"2 + 2%c)”5 - a”bkcos(d*x"2 + 2xc) 5xsin(c) - 4*a~4¥bkcos(d*x"2 + 2%c) "4#

cos(c)*sin(c) - (a"b*cos(d*x”~2 + 2*c)*sin(c) - 4*a"4xbxcos(c)*sin(c))*s...

3.20. f (msefm dl‘
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3.20.8 Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 278 vs. 2(55) = 110.

Time = 0.29 (sec) , antiderivative size = 278, normalized size of antiderivative = 4.21

/ ° dz
a + bsec (¢ + dz?)

(V=a"FB(a - 2b)d|—a +b| - V=0 + Plal|—a+ blld]) | 7| %5 + L | + arctan ] tan(g de+3 )

bd-+1/62d2+(ad+bd) (a
- ad—bd

2 ((a? — 2ab+ b?)a?d? + (a?b — 2 ab? + b3)d|al|d|)

tan(% dw2+% c)

\/ bd—1/b2d2+(ad+bd)(ad—bd)
- ad—bd

(ad — 2bd + |al|d]) ﬂ'{@ + %J + arctan

27

+ 2 (& — bdjal|d))

inputLintegrate(x/(a+b*sec(d*x“2+c)),x, algorithm="giac") J

output

inputtint(x/(a + b/cos(c + d*x~2)),x)

1/2x(sqrt(-a”2 + b~2)*(a - 2*b)*d*abs(-a + b) - sqrt(-a”2 + b~2)*abs(a)*ab
s(-a + b)*abs(d))*(pi*floor(1/2*(d*x~2 + c)/pi + 1/2) + arctan(tan(1/2*d*x
"2 + 1/2xc)/sqrt(-(b*d + sqrt(b~2+%d"2 + (a*d + b*d)*(a*xd - b*d)))/(axd - b
*d))))/((a”2 - 2xaxb + b~2)*a"2*%d"2 + (a"2*%b - 2*axb~2 + b~3)*d*abs(a)*abs
(d)) + 1/2x(a*d - 2*%b*d + abs(a)*abs(d))*(pi*floor(1/2*(d*x"2 + c)/pi + 1/
2) + arctan(tan(1/2*d*x"2 + 1/2%c)/sqrt(-(b*d - sqrt(b”2*d"2 + (axd + b*d)
*(a*d - b*d)))/(axd - b*d))))/(a"2*d"2 - b*d*abs(a)*abs(d))

3.20.9 Mupad [B] (verification not implemented)

Time = 15.09 (sec) , antiderivative size = 157, normalized size of antiderivative = 2.38

dz? 1i c1i) o;
bIn (2 bxede’ligeli bm(a+be ‘ )21>
2

/ x p T va+bva—b
T=_—+
a + bsec (c+ dz?) 2a 2adva+bva—b
da?li cli | 0% (“"'besz hecn) 4
b ln 2b$e e + \/mm
B 2adva+bva—>b

-

| —

3.20. f a-l—bsecmm dl‘
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output | x~2/(2+a) + (b*log(2xb*x*exp(d*x~2*1i)*exp(c*1i) - (b*x*(a + bxexp(d*x~2x1
i)*exp(c*1i))*2i)/((a + b)~(1/2)*(a - b)~(1/2))))/(2*axdx(a + b)~(1/2)*(a
- b)~(1/2)) - (b*xlog(2*b*x*exp(d*x~2+1i)*exp(c*1i) + (b*x*(a + b*exp(d*x~2
*1i)*exp(cx1i))*2i)/((a + b)7(1/2)*(a - 1)7(1/2))))/(2*xa*xd*(a + b)~(1/2)*(
a - b)7(1/2))

3.20. dzx

z
f a+bsec(c+dz?)
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1

3.21 f z(a+bsec(c+dz?)) dz

3.21.1 Optimalresult . . . . . . .. . ... .. 149
3.21.2 Mathematica [N/A] . . . . ... .. L 149
3.21.3 Rubi [N/A] . . . . . 150
3.21.4 Maple [N/A] (verified) . . . . . . ... .. 150
3.21.5 Fricas [N/A] . . . . . . 1511
3.21.6 Sympy [N/A] . . . . 1511
3.21.7 Maxima [N/A] . . . . . . 1511

3.21.8 Giac [N/A] . . . . . o e 152

3.21.9 Mupad [N/A] . . . o 152
3.21.1 Optimal result
Integrand size = 18, antiderivative size = 18
1 1
/ z (a + bsec (¢ + dz?)) do = Int (z‘ (a + bsec(c+ dz?))’ x)
output LUnintegrable (1/x/ (a+b*sec(d*x~2+c)) ,x) J

3.21.2 Mathematica [N/A]
Not integrable

Time = 1.78 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
dr = d
/m(a—l—bsec(c—l—dﬁ)) v /m(a+bsec (c+dz?)) v

-

input LIntegrate [1/(xx(a + b*Sec[c + d*x~2])),x]

~—

output LIntegrate [1/(xx(a + bxSec[c + d*x~2])), xI] J
1
3.21. f W d.’L'
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3.21.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
z (a + bsec (c + dz?))
| 4694

/ 1 dz
z (a + bsec (¢ + dz?))

input LInt [1/(x*(a + b*Sec[c + d*x~2])),x]

-

output L$Aborted

~—

3.21.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)“(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

3.21.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

| sarrmaaa’
z (a + bsec (dz? + ¢)) v

N

input int (1/x/ (a+b*sec(d*x~2+c)) ,x)

~—

-

output Lint (1/x/ (a+b*sec(d*x~2+c) ) ,x)

-/

1
3.2L. f z(a+bsec(ct+dz?)) dzx
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3.21.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1 1
dr = d
/x(a—i—bsec (c+ dz?)) v /(bsec (dx? +c) + a)z v

-

input Lintegrate (1/x/ (atb*sec(d*x~2+c)),x, algorithm="fricas")

-/

output Lintegral(1/(b*x*sec(d*x‘2 + ¢c) + a*x), x)

3.21.6 Sympy [N/A]

Not integrable

Time = 0.75 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/ ! dz —/ ! dz
z(a+bsec(c+dz?)) ) x(a+bsec(c+ dr?))

input Lintegrate (1/x/ (atb*sec (d*x**2+c)) ,x)

output LIntegral(l/(x*(a + bksec(c + d*x**2))), x)

3.21.7 Maxima [N/A]
Not integrable

Time = 0.61 (sec) , antiderivative size = 249, normalized size of antiderivative = 13.83

1 1
dr = d
/x(a—l—bsec (c+ dz?)) ’ /(bsec (dz? +c¢) +a)z v

input Lintegrate (1/x/ (atb*sec(d*x"2+c)) ,x, algorithm="maxima")

1
3.2L. f z(a+bsec(ct+dz?)) dzx
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output | -(2xaxb*integrate((a*cos(2*d*x~2 + 2xc)*cos(d*x"2 + c) + 2xb*cos(d*x"2 + ¢
)72 + a*sin(2*d*x"2 + 2#c)*sin(d*x”2 + c) + 2*b*sin(d*x"2 + c)~2 + a*cos(d
*x72 + c))/(a"3*x*kcos(2*d*x"2 + 2%c) "2 + 4d*xaxb"2*x*cos(d*x"2 + c)"2 + a”"3%*
x*¥s8in(2*%d*x~2 + 2xc) "2 + 4*a"2xbkx*sin(2*d*x"2 + 2xc)*sin(d*x"2 + c) + 4*a
*b"2*x*sin(d*x"2 + c)72 + 4*xa”2*bxxkcos(d*x"2 + c) + a"3*x + 2% (2*xa”2¥bxx*
cos(d*x™2 + c) + a”3*x)*cos(2*xd*x~2 + 2*c)), x) - log(x))/a

3.21.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/x(a—l—bsec(c—i—dﬂ)) dx_/(bsec(dx2+c)+a):c dz

input Lintegrate (1/x/ (a+b*sec(d*x~2+c)) ,x, algorithm="giac")

output Lintegrate(l/((b*sec(d*x“2 + c) + a)*x), x)

3.21.9 Mupad [N/A]

Not integrable

Time = 13.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

[ ———
z (a + bsec (¢ + dz?)) v T <a—|— v

b
cos(dz2+-c) >

inputtint(l/(x*(a + b/cos(c + d*x~2))),x)

output Lint(l/(x*(a + b/cos(c + d*x~2))), x)

1
3.21. f W d.’L'
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3.99 f a+bsec(c+dz?) du

72
3.22.1 Optimalresult . . . . . .. . . . ... . 153
3.22.2 Mathematica [N/A] . . . . . . . . . 1531
3.22.3 Rubi [N/A] © . o oo oo e e 54
3.22.4 Maple [N/A] (verified) . . . . . . ... .. 155
3.22.5 Fricas [N/A] . . . . . 155
3.22.6 Sympy [N/A] . . . . 155
3.22.7 Maxima [N/A] . . . . . . 1561
3.22.8 Giac [N/A] . . . . . 156
3.22.9 Mupad [N/A] . . . . 156

3.22.1 Optimal result

Integrand size = 16, antiderivative size = 16

2 2
/a+bsec(c+dx)dx:—g+blnt sec(c-l—da:),x
x? x x?

output L—a/x+b*Unintegrab1e (sec(d*x~2+c) /x"2,%) J

3.22.2 Mathematica [N/A]

Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bsec(c+dx2) dm_/a-l—bsec(c-l—dﬁ)

T2 2

;
input  Integrate[(a + b*Sec[c + d*x~2])/x"2,x]

N\ J

output LIntegrate[(a + b*Sec[c + d*x"2])/x72, x] J

3.99. f a+b sec(c+dx2) dz

2
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3.22.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/a—i—bsec(zc—i-dx)dx
T
l2010
2
/((12+bsec(c;}-dx)>dm
T T
l2009
2
b/sec(dmz—i-c)dx_a
T T

input LInt[(a + b*Sec[c + d*x~2])/x"2,x]

output | $Aborted

N\

3.22.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.99. f a+b sec(c+dx2) dx

2
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3.22.4 Maple [N/A] (verified)

Not integrable

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a—|—bsec (dz? + c)

x2

dz

input Lint ((a+b*sec(d*x~2+c))/x"2,x)

output Lint ((a+b*sec(d*x"2+c))/x"2,%)

3.22.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+bsec(c+dx )dxz/bsec(dx +C)+adm

2 2

inputLintegrate((a+b*sec(d*x“2+c))/x“2,x, algorithm="fricas")

outputLintegral((b*sec(d*x“Q + c) +a)/x"2, x)

3.22.6 Sympy [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

dz

/a+bsec(c+d:c2) dx_/a+bsec(c+dz2)

2 2

inputtintegrate((a+b*sec(d*x**2+c))/x**2,x)

-

output tIntegral((a + bksec(c + d*x**2))/x**2, x)

e—

3.99. f a+b sec(c+dx2) dz

2
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3.22.7 Maxima [N/A]

Not integrable

Time = 0.44 (sec) , antiderivative size = 118, normalized size of antiderivative = 7.38

dz

/a+bsec(c+dx2) dw_/bsec(dx2+c)+a

x2 x2

inputLintegrate((a+b*sec(d*x“2+c))/x‘2,x, algorithm="maxima"

output‘2*b*integrate((cos(2*d*x‘2 + 2xc)*cos(d*x"2 + c) + sin(2*d*x"2 + 2x*c)*sin(
‘d*x‘2 + ¢c) + cos(d*x™2 + c))/(x"2xcos(2*d*x"2 + 2%c)"2 + x"2*xsin(2*d*x"2 +
| 2%C)"2 + 2kx"2%cos(2%d*x"2 + 2%c) + x72), X) - a/x

3.22.8 Giac [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/a+bsec(c+dx2) dx_/bsec(dx2+c)+adm

2 2

inputtintegrate((a+b*sec(d*x‘2+c))/x‘2,x, algorithm="giac")

output Lintegrate((b*sec(d*x‘z +c) +a)/x"2, x)

3.22.9 Mupad [N/A]

Not integrable

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ a + bsec (c + dz?) dr — / a+ cos(dl;_2+c) dz

x2 2

input Lint((a + b/cos(c + d*x~2))/x"2,x)

—

output Lint((a + b/cos(c + d*x72))/x"2, x)

3.99. f a+b sec(c+dx2) dz

2
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323 [ AR, A

a+bsec(c+dz?))

3.23.1 Optimal result . . . . . . ... .. ... . 158]
3.23.2 Mathematica [A] (verified) . . . . . .. ... .. ..o 159
3.23.3 Rubi [A] (verified) . . . . . ... .. 160
3.23.4 Maple [F] . . . . . o o 162
3.23.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 1621
3.23.6 Sympy [F] . . . . . 163
3.23.7 Maxima [F] . . . . . .. 164
3238 GIac [F] .« o v o et 164
3.23.9 Mupad [F(-1)] . . . . 1651
3.23. 2’ dx

f (a+bsec(ctda?))?
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3.23.1 Optimal result
Integrand size = 18, antiderivative size = 1092
aei(c+d:v2)
z° ibart g0 UOlos (1 e

(a + bsec (c + da?))? de = 202 (a2 — %) d ezt a? (a? — b%) d?

2,2 ae'letae 3.4 ac'(*+4%)
bx10g<1+b+z a2b> bmlog(1+W——TW
a? (a? — b?) &2 2a2 (—a2 + b2)** d
. e (c+d:z: )
ibz* log (1 + 3 «W) ib’z* log (1 t vy
ay/—a? + b2d 2a2 (—a? + b2)*%d
4 z c+dz‘ 9 aei(c+dz2)
ibztlog | 1+ 20— ib” PolyLog | 2, =5 75—
R N @ (@ — ) &
. aez(c+dm )
’Lb2 POlyLOg (2 —m
a? (a? — b%) d®

b3x2 PolyLog (2 — =

+

+d:1: )

+

i(ctda?)

a2 (—a2 + 52)3/2

2bx? PolyLog <2 _ ) >

b—v—a2+b2
a?yv/—a? + b2d?
b3x2 PolyLog (

+

z c+d:c

2 _b+\/ a2+b?
a? (—a? + b2)3/% @2
2bx? PolyLog (2 G

+

b+m
a?v/—a? + b2d?

3 z c+dz )
i PolyLog | 3, —*7——5 e ves

a? (—a? + b2)*2 g3
2ib PolyLog ( ael(cm )
V= PP
ib PolyLog (3 — +i/%)
a? (—a? + 1)2)3/2 d3

1| C ZZ
2ib PolyLog ( 3, ¢L+Z>

z5
3.23. f W d.’E (12\/ 4—(12 + b2
N b%z* sin (¢ + dz?)

s Y 2 ) 19\ 1/ 1+ - — A 0 TN

+
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output | -2xIxb*polylog(3,-a*exp(I*(d*x~2+c))/(b+(-a~2+b"2)"(1/2)))/a~2/d"3/(-a"2+b
~2)7(1/2)+1/6%x"6/a"~2+b~2*x~2*1n (1+axexp (I* (d*x~2+c) )/ (b-I*(a"2-b"2)~(1/2)
))/a”2/(a"2-b"2) /d"2+b"2*x"2*1n(1+a*exp (I* (d*x~2+c) )/ (b+I*(a"2-b"2) " (1/2))
)/a~2/(a"2-b"2) /d"2-Ixbxx~4*1n(1+a*exp (I* (d*x~2+c))/(b+(-a~2+b"2)~(1/2)))/
a~2/d/(-a"2+b~2)~(1/2)-I*b~3*polylog(3,-a*exp(I*(d*x~2+c))/(b-(-a~2+b~2) ~(
1/2)))/a~2/(-a~2+b~2)~(3/2) /d~3-1/2*I*b~3*x"4*1n(1+a*exp (I*(d*x~2+c) )/ (b-(
-a~2+b~2)"(1/2)))/a"2/(-a"2+b"2) ~(3/2) /d+1/2*I*b"3*x"4*1n(1+a*exp (I* (d*x"2
+c))/ (b+(-a~2+b~2)~(1/2)))/a"~2/(-a"~2+b~2) ~(3/2) /d-b~3*x"2*polylog(2,-a*exp
(Ix(d*x"2+c))/(b-(-a~2+b~2)~(1/2)))/a"2/(-a"2+b~2) ~(3/2) /d~2+b~3*x"2*polyl
og(2,-a*xexp(I*(d*x~2+c))/(b+(-a~2+b~2)~(1/2)))/a"2/(-a"2+b~2)~(3/2) /d~2-I*
b~2*polylog(2,-a*exp(I*(d*xx~2+c))/(b-I*(a"2-b"2)"(1/2)))/a"2/(a"2-b"2)/d"3
+I*b~3*polylog(3,-a*xexp(I*(d*x~2+c))/(b+(-a"2+b"2)"(1/2)))/a~2/(-a~2+b"2)"
(3/2)/d"3+1/2%b~2*x"4*sin(d*x"2+c)/a/(a"2-b"2) /d/ (b+a*cos (d*x~2+c) ) -I*b~ 2%
polylog(2,-a*exp(I*(d*x~2+c))/(b+I*(a"2-b"2)"(1/2)))/a~2/(a"2-b"2)/d"3+2%1
*b*polylog(3,-axexp (I*(d*x~2+c))/(b-(-a~2+b~2)"(1/2)))/a~2/d"3/(-a"~2+b"2)"
(1/2)+2xb*x~2*polylog(2,-a*exp (I*(d*x~2+c))/(b-(-a~2+b~2)~(1/2)))/a~2/d"2/
(-a"2+b"2) "~ (1/2) -2xb*x~2*polylog(2,-a*exp (I* (d*x~2+c) )/ (b+(-a~2+b~2) " (1/2)
))/a~2/d"2/(-a~2+b~2) " (1/2) +I*b*x~4*1n(1+a*exp (I* (d*x~2+c))/(b-(-a~2+b~2) "
(1/2)))/a~2/d/(-a~2+b~2) " (1/2)-1/2%I*b"2*x"4/a~2/(a"2-b"2)/d

3.23.2 Mathematica [A] (verified)

Time = 6.73 (sec) , antiderivative size = 895, normalized size of antiderivative = 0.82

5
U/* 5 dT
(a + bsec (c + dz?))

3b(b+a cos(c+dz?)) <2(1+e2ic) (ib\/(—a2+62)e2ic—2a2(
(b+ acos (c+ dz?)) sec? (c + dz?) | 28(b + acos (¢ + dz?)) —

-

inputLIntegrate[x‘S/(a + bxSec[c + d*x~2])"2,x] J

5

f (a+bsec(ctda?))? dx

3.23.
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output | ((b + a*Cos[c + d*x~2])*Sec[c + d*x~2] "2x(x"6%(b + a*Cos[c + d*x~2]) - (3%
bx(b + a*Cos[c + d*x~2])*(2*(1 + E~((2*I)*c))*(IxbxSqrt[(-a~2 + b~2)*E~((2
*I)xc)] - 2*xa~2+d*E” (I*c)*x"2 + b ~2*d*E~(I*c)*x~2)*PolyLog[2, -((a*E~(I*(2
xc + d*x72)))/(b*E~(I*c) - Sqrtl[(-a~2 + b~2)*E~((2*%I)*c)]1))] + 2%(1 + E~((
2xI)*c))*(Ixb*xSqrt[(-a"2 + b"2)*E~((2*I)*c)] + 2*a~2*d*E~ (I*c)*x~2 - b~2*d
*E~ (I*c)*x~2)*PolyLog[2, -((a*E~(I*(2*c + d*x~2)))/(b*E~(I*c) + Sqrt[(-a~2
+ DT2)*E~((2%I)*c)]))] + Ik (d*x~2*(2xb*d*+E~((2*I)*c)*Sqrt[(-a~2 + b~2)*E"~
((2*I)*c)]*x"2 + (1 + E~((2%I)*c))*((2*I)*b*Sqrt[(-a”2 + b~2)*E~((2*I)*c)]
- 2xa”2xd*E” (I*c)*x"2 + b"2+d*E~(I*c)*x"2)*Log[l + (axE~(I*(2*c + d*x"2))
)/ (b*E~(I*c) - Sqrt[(-a”2 + b72)*E~((2%xI)*c)])] + (1 + E~((2%I)*c))*((2*I)
*b*Sqrt [(-a~2 + b 2)*E~((2%I)*c)] + 2%a~2+d*E~(I*c)*x™2 - b~ 2+d*E~ (I*c)*x~
2)*Log[1 + (a*xE~(I*(2%c + d*x~2)))/(b*E~(I*c) + Sqrt[(-a"2 + b~2)*E~((2*I)
*xc)]1)]) - 2%(2*%a”2 - b"2)*E”~(I*c)*(1 + E~((2*I)*c))*PolyLog[3, -((a*E~(I*(
2xc + d*x”2)))/(b*E~(I*c) - Sqrt[(-a~2 + b~2)*E~((2*%I)*c)]))] + 2x(2%xa~2 -
b~2)*E~ (I*c)*(1 + E~((2*I)*c))*PolyLogl[3, -((a*E~(I*(2*c + d*x~2)))/(b*E~
(Ixc) + Sqrtl(-a™2 + b"2)*E~((2*%I)*c)1))1)))/((a"2 - b~2)*d"3*Sqrt[(-a~2 +
b~"2)*E~ ((2%I)*c)I*(1 + E~((2%I)*c))) + (3*b~2*x"4*(-(b*Sin[c]) + a*Sin[d*
x~2]))/((a - b)*(a + b)*d*(Cos[c/2] - Sin[c/2])*(Cos[c/2] + Sin[c/2]))))/(
6*a~2x(a + bxSec[c + d*x~2])"2)

3.23.3 Rubi [A] (verified)

Time = 2.38 (sec) , antiderivative size = 1090, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, number of rules _ 0.222, Rules used

integrand size
= {4692, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

25
/ 5 dz
(a + bsec (c + dz?))
l_4692

1 / zt 9
- 5dx
2 ) (a+bsec(dz?+c))

l 3042
4
1/ m 2d$2
2 (a+besc(de?+c+ %))
l 4679

5

f (a+bsec(ctda?))? dx

3.23.
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1 2bz? z? v*at 2
2 T2 2 tat 7 ) dz
a?(b+acos(dr®+c))  a® a2 (b+ acos(dz?+c))

l 2009

2iblog (£ e 1) 2t itlog (£ e 1) at diblog (£ e 4 1) ot ipdlog (£
1| af &\ Vo o ey g et g (£
- - +

) [
2 | 342 VB2 — a2d a2 (b2 — a2)*%d a2v/b? — a2d a? (b? —

input | Int[x"5/(a + b*Sec[c + d*x"2]1)"2,x] |

output  (((-I)*b~2*x"4)/(a"2*(a"2 - b~2)*d) + x"6/(3*xa~2) + (2xb~2*x"2xLog[1l + (ax
E~(I*x(c + d*x~2)))/(b - I*Sqrt[a~2 - b~2])]1)/(a"2*(a"2 - b~2)*d~2) + (2*b"
2xx~2%Log[1 + (a*E~(I*(c + d*x72)))/(b + IxSqrt[a~2 - b~2])])/(a"2*(a"2 -
b~2)*d"2) - (I*b~3*x"4xLogl[l + (a*xE~(Ix(c + d*x~2)))/(b - Sqrt[-a"2 + b~2]
)1)/(a”2x(-a"2 + b~2)"(3/2)*d) + ((2+I)*bxx"4*Log[l + (a*E~(Ix(c + d*x~2))
)/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d) + (I*b~3*x"4xLogl[l + (
a*E~(I*(c + d*x~2)))/(b + Sqrt[-a~2 + b"2])]1)/(a"2*(-a"2 + b~2)"(3/2)*d) -
((2*I)*b*x~4*Log[l + (a*E~(I*(c + d*x72)))/(b + Sqrt[-a~2 + b~2])]1)/(a~2%*
Sqrt[-a~2 + b~2]*d) - ((2*I)*b~2*PolyLog[2, -((a*E~(I*(c + d*x~2)))/(b - I
*Sqrt[a”2 - b~2]))]1)/(a"2*%(a"2 - b~2)*d~3) - ((2*I)*b~2*PolyLog[2, -((a*E™~
(Ix(c + d*x"2)))/(b + I*Sqrt[a~2 - b~2]1))]1)/(a"2*(a"2 - b~2)*d"3) - (2*%b~3
*x~2*PolyLog[2, -((a*xE~(I*(c + d*x72)))/(b - Sqrt[-a”2 + b72]))]1)/(a"2*(-a
"2 + b72)7(3/2)*%d"2) + (4*b*x~2xPolyLog[2, -((a*xE~(I*(c + d*x~2)))/(b - Sq
rt[-a”2 + b72]))]1)/(a"2*Sqrt[-a"2 + b~2]*d"2) + (2%b~3*x"2+PolyLog[2, -((a
*E~(Ix(c + d*x"2)))/(b + Sgrt[-a”2 + b~2]))]1)/(a"2*(-a"2 + b~2)"(3/2)*d"2)
- (4*b*x~2xPolyLog[2, -((a*E~(I*(c + d*x72)))/(b + Sqrt[-a"2 + b~2]))1)/(
a~2xSqrt[-a”2 + b"2]*%d"2) - ((2*I)*b~3*PolyLog[3, -((a*E~(I*(c + d*x~2)))/
(b - Sqrt[-a~2 + b™21))1)/(a~2%(-a~2 + b~2)~(3/2)*d~3) + ((4*I)*b*PolyLogl
3, —((a*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2 + b~2]))])/(a~2*Sqrt[-a~2 + b~2]
*d"3) + ((2%I)*b~3%PolyLogl[3, -((a*xE~(I*(c + d*x~2)))/(b + Sqrt[-a"2 + ...

5

f (a+bsec(ctda?))? dx

3.23.
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3.23.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £xx]1)"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 4692 Int[(x_)~(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~

p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

3.23.4 Maple [F]

5
/ 5dx
(a+ bsec(dz? + ¢))

inputLint(x‘5/(a+b*sec(d*x‘2+c))“2,x)

~—

-

output Lint (x~5/ (a+b*sec(d*x~2+c)) ~2,x)

-/

3.23.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3050 vs. 2(958) = 1916.

Time = 0.51 (sec) , antiderivative size = 3050, normalized size of antiderivative = 2.79

5

T
dx = Too large to displa;
(a + bsec (c 4 dz?))? 8 pay
inputLintegrate(x*5/(a+b*sec(d*x“2+c))“2,x, algorithm="fricas") J

5

f (a+bsec(ctda?))? dx

3.23.
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1/12% (2% (a5 - 2%a~3*b~2 + axb~4)*d"3*x"6xcos(d*x"2 + c) + 2x(a"4xb - 2xa”
2%b~3 + b"5)*d"3*x"6 + 6*%(a”3*b"2 - axb~4)*d"2*x"4*sin(d*x"2 + c) - 6x(2xI
*a"3*xb”"2 - I*axb™4 + (2*I*a~4xb - I*a~2+%b~3)*cos(d*x"2 + c))*sqrt(-(a~2 -
b~2) /a~2) *polylog(3, -(b*cos(d*x"2 + c) + Ixb*sin(d*x"2 + c) + (a*cos(d*x~
2 + c) + Ika*sin(d*x"2 + c))#*sqrt(-(a”2 - b~2)/a"2))/a) - 6%(-2*xI*a~3%b~2
+ I*axb™4 + (-2*%I*a"4*b + I*a~2xb"3)*cos(d*x"2 + c))*sqrt(-(a”2 - b~2)/a"2
)*polylog(3, —(b*cos(d*x"2 + c) + I*b*sin(d*x"2 + c) - (a*cos(d*x™2 + c) +
Ixa*sin(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2))/a) - 6*(-2xI*a~3%b~2 + Ixaxb~
4 + (-2+Ixa”4xb + Ixa~2%b~3)*cos(d*x~2 + c))*sqrt(-(a”2 - b~2)/a~2)*polylo
g(3, —(b*cos(d*x~2 + c) - Ixbxsin(d*x~2 + c) + (axcos(d*x~2 + c) - I*a*sin
(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2))/a) - 6x(2xI*a~3*b~2 - Ixa*b™4 + (2*Ix
a"4xb - I*a~2%b~3)*cos(d*x"2 + c))*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*c
os(d*x"2 + c) - I*bxsin(d*x"2 + c) - (a*cos(d*x"2 + c) - I*axsin(d*x"2 + c
Y *sqrt(-(a”2 - b~2)/a"2))/a) - 6x(I*a"2*xb"3 - I*b~5 + (I*a"3*b"2 - I*xa*b”
4)xcos(d*x"2 + c) + ((2*#a"4xb - a"2xb"3)*d*x"2*cos(d*x"2 + c) + (2*%a~3%b"2
- axb”4)xd*x"2)*sqrt(-(a”2 - b72)/a"2))*dilog(-(b*cos(d*x"2 + c) + Ixb#*si
n(d*x"2 + c) + (a*xcos(d*x"2 + c) + Ixa*sin(d*x~2 + c))*sqrt(-(a"2 - b~2)/a
"2) + a)/a + 1) - 6*%(I*a"2xb~3 - Ixb~5 + (I*a"3*b~2 - I*a*b~4)*cos(d*x"2 +
c) - ((2xa~4*b - a~2xb~3)*d*x"2*cos(d*x"2 + c) + (2*%a"3xb"2 - a*xb~4)*d*x"
2)*sqrt(-(a”2 - b~2)/a"2))*dilog(-(b*cos(d*x~2 + c) + I*b*sin(d*x"2 + c...

-

3.23.6 Sympy [F]

x5 x5
J/ 2dx=zt/1 5 dT
(a + bsec (¢ + dz?)) (a + bsec (c + dz?))

inputLintegrate(x**5/(a+b*sec(d*x**2+c))**2,x)

output

N

~—

Integral(x**5/(a + b*sec(c + d*x**2))**2, x)

J

5

f (a+bsec(ctda?))? dx

3.23.
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3.23.7 Maxima [F]

x5 x5
u/“ 5 dx =:U/~ 5 dx
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

input  integrate(x~5/(a+b*sec(d*x”2+c))"2,x, algorithm="maxima")

\

output | 1/6*((a~4 - a~2xb~2)*d*x~6*cos (2%d*x~2 + 2%c) "2 + 4%(a~2%b"2 - b~4)*d*x"6*
cos(d*x™2 + ¢)"2 + (a”4 - a~2*%b"2)*d*x"6*sin(2*d*x~2 + 2%c)~2 + 4x(a~2%b"2
- b74)*d*x"6*sin(d*x"2 + c)~2 + 4%(a”~3*b - a*b~3)*d*x"6*cos(d*x"2 + c) +
6*a*b~3*x"4xsin(d*x"2 + c) + (a4 - a"2*%b"2)*d*x"6 + 2*(2*%(a"3%b - a*b~3)*
d*x~6*cos(d*x"2 + c) - 3*axb"3*x"4*sin(d*x"2 + c) + (a”4 - a"2*b"2)*d*x"6)
*cos (2xd*x~2 + 2*c) - 6*%((a”6 - a~4*b~2)*d*cos(2xd*x"2 + 2*c)"2 + 4x(a~4x*b
"2 - a”2*xb"4)*d*cos(d*x"2 + ¢)72 + (a”6 - a"4*b"2)*d*sin(2*d*x"2 + 2*c) 2
+ 4% (a"5%b - a~3%b"3)*d*sin(2*d*x"2 + 2*c)*sin(d*x"2 + c) + 4*(a"4%b"2 - a
~2x%b~4)*d*sin(d*x"2 + c)”2 + 4x(a”5%b - a~3*b~3)*d*cos(d*x"2 + c) + (a”6 -
a~4*b~2)*d + 2% (2% (a~5%b - a~3*b~3)*d*cos(d*x~2 + c) + (a”6 - a~4*b~2)*d)
*cos (2%d*x~2 + 2%c))*integrate(2*(2*(2*¥a~2*%b~2 - b~4)*d*x"5*cos(d*x~2 + c)
~2 + 2% (2*%a"2%b"2 - b~4)*d*x"5*sin(d*x"2 + c)”2 + (2*a”3*%b - axb”3)*d*x"5*
cos(d*x™2 + c) + 2*a*b”3*x"3*sin(d*x"2 + c) + ((2*%a"3*b - a*b~3)*d*x"5*cos
(d*x"2 + c) - 2*a*b”3*x"3*sin(d*x"2 + c))*cos(2*d*x"2 + 2*c) + (2xaxb~3*x~
3*%cos(d*x"2 + c) + (2*a"3*b - a*b”3)*d*x"5xsin(d*x”"2 + c) + 2*a"2%b"2xx"3)
*sin (2*xd*xx~2 + 2*c))/((a"6 - a~4*b~2)*d*cos(2xd*x~2 + 2%c)"2 + 4x(a~4*xb~2
- a”2*%b~4)*d*cos(d*x"2 + ¢c)72 + (a"6 - a~4*xb"2)*d*ksin(2*d*x"2 + 2%c)"2 + 4
*(a~5xb - a"3*b"3) *d*sin(2*d*x"2 + 2*c)*sin(d*x"2 + c) + 4*x(a”4*xb"2 - a"2x*
b~4)*d*sin(d*x"2 + ¢)~2 + 4*x(a"5*b - a"3*b"3)*d*cos(d*x"2 + ¢c) + (2”6 - a”
4%b~2)*d + 2% (2% (a”~5%b - a~3*b~3)*d*cos(d*x"2 + c) + (2”6 - a~4%b~2)*d)...

3.23.8 Giac [F]

zd z°
u/" 5 dz =:u/° 5 dT
(a + bsec (c + dz?)) (bsec (dzx? +¢) + a)

inputLintegrate(x‘5/(a+b*sec(d*x‘2+c))“2,x, algorithm="giac") J

-

outputLintegrate(x‘5/(b*sec(d*x‘2 +c) +a)72, x)

~—

5

f (a+bsec(ctda?))? dx

3.23.
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3.23.9 Mupad [F(-1)]

Timed out.

5 5
/ 5 2dz‘=/ dz
(a + bsec (c + dz?)) <a+ b

2
cos(dz2+-c) )

inputkint(x‘S/(a + b/cos(c + d*x72))"2,x)

output Lint(x‘S/(a + b/cos(c + d*x~2))"2, x)

5

f (a+bsec(ctda?))? dz

3.23.
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324 [ ( 2 dz

a+bsec(c+dz?))
3.24.1 Optimal result . . . . . . . . . ... . 166]
3.24.2 Mathematica [N/A] . . . . . . . . 166!
3.24.3 Rubi [N/A] . . . oo 167
3.24.4 Maple [N/A] (verified) . . . . . . . ... . 167
3.24.5 Fricas [N/A] . . . . . 168
3.24.6 Sympy [N/A] . . . . 168
3.24.7 Maxima [N/A] . o oo oo 163
3.24.8 Giac [N/A] . . . . . o e 169
3.24.9 Mupad [N/A] . . . . o 1))

3.24.1 Optimal result

Integrand size = 18, antiderivative size = 18

zt zt
/ 5 dT = Int( 2,x>
(a + bsec (c + dz?)) (a + bsec (c + dz?))

p
output LUnintegrable (x~4/ (a+b*sec(d*x"2+c))~2,x)

~—

3.24.2 Mathematica [N/A]

Not integrable

Time = 6.95 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ 5 dr = / 5 dx
(a + bsec (c + dz?)) (a + bsec (c+ dz?))

input tIntegrate [x~4/(a + b*Sec[c + d*x~2])"2,x] J
output LIntegrate [x"4/(a + bxSec[c + d*x~2])~2, x] J
3.24. z dx

f (a+bsec(ctda?))?
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3.24.3 Rubi [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

7
/ 5 dx
(a + bsec (c + dz?))
l 4694

7
/ 5dx
(a + bsec (c + dz?))

input LInt [x~4/(a + b*Sec[c + d*x~2])~2,x]

output t$Aborted

3.24.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m,
} n, p}, x]

3.24.4 Maple [N/A] (verified)

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

!
/ 5dx
(a+ bsec(dz? + ¢))

-

input Lint (x~4/ (atb*sec(d*x"2+c)) ~"2,x)

-/

output Lint (x~4/ (a+b*sec(d*x"2+c)) ~2,x)

-/

4
z dz

32 | Cireeramy
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3.24.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

4 4
T T
/ 5 dr = / 5 dx
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

inputLintegrate(x‘4/(a+b*sec(d*x*2+c))“2,x, algorithm="fricas")

output‘integral(x“4/(b“2*sec(d*x“2 + ¢c)~2 + 2*%axbxsec(d*x”2 + ¢c) + a~2), x)

3.24.6 Sympy [N/A]

Not integrable

Time = 1.23 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

zt zt
/ 5 dr = / 5 dx
(a + bsec (c+ dz?)) (a + bsec (c+ dz?))

input Lintegrate (x**4/ (at+b*sec (d*x**2+c)) **2,x)

output LIntegral(x**ll/(a + bxsec(c + dxx**2))**2, x)

3.24.7 Maxima [N/A]

Not integrable

Time = 1.16 (sec) , antiderivative size = 1284, normalized size of antiderivative = 71.33

zt zt
/ 5 dr = / 5 dT
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

inputLintegrate(x“4/(a+b*sec(d*x“2+c))“2,x, algorithm="maxima")

4
z dz

32 | Cireeramy
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input

output
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1/5%((a~4 - a~2*%b~2) *d*x"5*cos (2*xd*x~2 + 2%c)"2 + 4*x(a~2*%b~2 - b~4)*d*x"5*
cos(d*x"2 + ¢)72 + (a™4 - a~2*b"2)*d*x"5xsin(2*d*x"2 + 2%c)"2 + 4x(a”2%b"2
- b74)*d*x"5*sin(d*x"2 + c)~2 + 4%x(a”3*b - axb~3)*d*x"5*cos(d*x"2 + c) +
5%a*b”3*x"3*sin(d*x"2 + c) + (a4 - a"2*%b"2)*d*x"5 + (4*(a"3*b - a*b~3)*d*
x"5*%cos(d*x"2 + c) - B*axb"3*x"3*sin(d*x"2 + c) + 2*x(a”4 - a"2*b"2)*d*x"5)
*cos (2%d*x"2 + 2*c) - 5%((a”6 - a~4*b~2)*d*cos(2*d*x~2 + 2xc)”2 + 4*(a~4*b
"2 - a”2*xb"4)*d*cos(d*x"2 + ¢)72 + (a”6 - a"4*b"2)*d*sin(2*d*x"2 + 2*c) 2
+ 4% (a"5%b - a~3%b~3)*d*sin(2*d*x"2 + 2*c)*sin(d*x"2 + c) + 4*(a"4%b"2 - a
~2*%b~4) *d*sin(d*x"2 + c)”2 + 4x(a~b*b - a~3*b~3)*d*cos(d*x"2 + c) + (a"6 -
a~4*xb~2)*xd + 2% (2% (a~5%b - a~3*b~3)*d*cos(d*x"2 + c) + (a”6 - a~4*b~2)*d)
*xcos (2*d*x"2 + 2%c))*integrate((4*(2*¥a"2xb~2 - b~4)*d*x"4*cos(d*x~2 + c)~2
+ 4% (2%a"2*%b”"2 - b”4)*d*x"4*sin(d*x"2 + c)72 + 2% (2*%a"3*b - axb”~3) *d*x"4*
cos(d*x"2 + c) + 3*a*b”3*x"2*sin(d*x"2 + c) + (2*(2*a"3%b - a*b~3)*d*xx"4*c
0s(d*x™2 + c) - 3*axb"3*x"2*sin(d*x"2 + c))*cos(2xd*x"2 + 2%c) + (3*axb"3*
x"2*%cos(d*x"2 + c) + 2*x(2*xa"3*b - a*b”3)*d*x"4*sin(d*x"2 + c) + 3*a”~2*b"2*
x"2)*sin(2*%d*x"2 + 2x*c))/((a"6 - a"4*b"2)*d*cos(2*d*x"2 + 2*c)~2 + 4*x(a"4*
b~2 - a"2*%b"4)*d*cos(d*x"2 + ¢c)”2 + (2”6 - a"4%b"2)*d*sin(2xd*x"2 + 2%c) "2
+ 4% (a”5%b - a~3*b~3)*d*sin(2xd*x"2 + 2*c)*sin(d*x"2 + c) + 4*(a"4%b"2 -
a~2xb~4)*d*sin(d*x~2 + c)~2 + 4*x(a~b*b - a~3*%b~3)*d*cos(d*x"2 + c) + (a"6

- a"4xb~2)*d + 2*%(2%(a"5*b - a~3*b~3)*d*cos(d*x"2 + c) + (a”6 - a"4xb~2...

3.24.8 Giac [N/A]

Not integrable

Time = 0.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
L/“ 2<tv==J/ 5 dx
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

>

integrate(x~4/(atb*sec(d*x~2+c))~2,x, algorithm="giac")

N

-

integrate(x~4/(b*sec(d*x~2 + c) + a)~2, x)

4
z dz

32 | Cireeramy
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3.24.9 Mupad [N/A]

Not integrable

Time = 12.91 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

5 dx

z2+c)

zt T
(a + bsec (c+ da?))? o = b
<a + cos(d )

input Lint(x‘4/(a + b/cos(c + d*x"2))"2,x%)

output Lint(x‘4/(a + b/cos(c + d*x"2))"2, x)

4
z dz

32 | Cireeramy
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325 [ L dx

a+bsec(c+dz?))
3.25.1 Optimal result . . . . . . .. . .. . . vl
3.25.2 Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... .. 172
3.25.3 Rubi [A] (verified) . . . . . ... .. 173
3.25.4 Maple [F] . . . . . . o 175
3.25.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 175
3.25.6 Sympy [F] . . . . . 176
3.25.7 Maxima [F(-2)] . . . . . . 177
3.25.8 Giac [F] . . . . . o e 17
3.25.9 Mupad [F(-1)] . . . . . o o e

3.25.1 Optimal result

Integrand size = 18, antiderivative size = 596

. aei(c+dw2)
23 g 0atlog (1 t
T = —
(a + bsec (c + dx?))’ 4a? 202 (—a? + b2)*/? d

i (c+dm2)

o e 13 o aei(c+dx2)
ibrtlog | 1+ 20——=5 | zlog |1+ 2——1

- -
a?v/—a? + b2d 202 (—a? + b2)** d
ba?log 1+ o<
- oz log b+V—a? 182 b?log (b + acos (c + dz?))
a2yv/—a? + bd 2a? (a? — b?) d?
aei(c+dm2) aei (c+d:z2)
b3 PolyLog (2, — = bPolyLog ( 2, —%7——5
- +
202 (—a? + b2)** &2 a’v/—a? + b2d?
aei(c+dz2) aei (c+dz2)
b3 PolyLog (2, Yy avys b PolyLog | 2, T btv—a2 102
22 (—a2+ )22 aV—d® + B
N b%z? sin (c + dz?)

2a (a? — b%)d (b+ acos (¢ + dz?))

z3

325 | Cirs(oramy

dz
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output | 1/4*x~4/a~2+1/2%b"2*1n(b+a*cos (d*x~2+c))/a~2/(a"2-b"2)/d"2-1/2%I*xb~3*x~2*1
n(1+a*xexp (I*(d*x~2+c))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a"~2+b~2) " (3/2) /d+1/2%I*
b~3*x~2+1n(1+a*xexp (I* (d*x~2+c) )/ (b+(-a~2+b"2)~(1/2)))/a~2/(-a~2+b~2)~(3/2)
/d-1/2xb~3*polylog(2,-a*exp (I*(d*x~2+c))/(b-(-a~2+b"2)~(1/2)))/a~2/(-a~2+b
~2)~(3/2)/d"2+1/2*b"3*polylog(2,-a*exp (I*(d*x~2+c) )/ (b+(-a~2+b~2)~(1/2)))/
a~2/(-a"2+b"2) " (3/2)/d"2+1/2*b~2*x"2*sin(d*x"2+c) /a/(a"2-b"2) /d/ (b+a*cos(d
*x~2+c) ) +Ixbxx~2x1n(1+a*exp (I* (d*x~2+c))/(b-(-a~2+b~2)~(1/2)))/a"2/d/(-a"2
+b~2) ~(1/2) -I*b*x~2*1n(1+a*exp (I* (d*x~2+c) )/ (b+(-a~2+b~2)~(1/2)))/a~2/d/ (-
a”~2+b~2) " (1/2) +b*polylog(2,-a*exp (I*(d*x~2+c))/(b-(-a"2+b~2)"(1/2)))/a"2/d
~2/(-a"2+b~2) " (1/2)-b*polylog(2,-a*exp (I*(d*x~2+c))/(b+(-a"2+b~2)~(1/2)))/
a~2/d"2/(-a~2+b"2)~(1/2)

3.25.2 Mathematica [A] (warning: unable to verify)

Time = 11.66 (sec) , antiderivative size = 1118, normalized size of antiderivative = 1.88

$3

(a + bsec (c + dz?))

5 dz = Too large to display

p
input Integrate[x~3/(a + b*Sec[c + d*x~2])~2,x]

z3

f (a+bsec(ctda?))? dx

3.25.



output

CHAPTER 3. LISTING OF INTEGRALS 173

((-c + d*x~2)*(c + d*x~2)*(b + a*Cos[c + d*x~2]) 2%Sec[c + d*x~2]"2)/(4*a~

2xd"2*(a + b*Sec[c + d*x~2])"2) + ((b + a*Cos[c + d*x"2])*Sec[c + d*x~2]"2
*(b~2xc*Sin[c + d*x"2] - b~2x(c + d*x"2)*Sin[c + d*x~2]))/(2*ax(-a + b)*(a
+ b)*d"2*(a + b*Sec[c + d*x~2])"2) + (b*Cos[(c + d*x~2)/2]"2*(b + a*Cos[c
+ d*x~2])* (2% (2*xa"2 - b~2)*c*ArcTanh[(Sqrt[a - b]*Tan[(c + d*x~2)/2])/Sqr
t[a + bl] - Sqrt[a - b]l*bxSqrt[a + bl*Log[Sec[(c + d*x~2)/2]"2] + Sqrtl[a -
bl *b*Sqrt[a + bl*Log[(b + a*Cos[c + d*x~2])*Sec[(c + d*x~2)/2]72] + I*(2%
a”2 - b"2)*(Logl[l - IxTan[(c + d*x~2)/2]]1*Log[(Sqrt[a + bl - Sqrt[a - bI*T
an[(c + d*x~2)/2])/(I*Sqrt[a - b] + Sqrt[a + b])] + PolyLogl[2, (Sqrt[a - b
1*(1 - I*Tan[(c + d*x~2)/2]))/(Sqrt[a - b] - I*Sqrt[a + b])]) - Ix(2*xa~2 -
b~2)*(Log[1 - I*Tan[(c + d*x~2)/2]]1*Log[(I*(Sqrt[a + b] + Sqrt[a - b]*Tan
[(c + d*x~2)/2]))/(Sqrt[a - b] + I*Sqrtl[a + b])] + PolyLog[2, (Sqrt[a - b]
*(1 - I*Tan[(c + d*x~2)/2]))/(Sqrtl[a - b] + I*Sqrtla + b])]) + I*(2%a"2 -
b~2)*(Log[1 + I*Tan[(c + d*x~2)/2]]*Log[(Sqrt[a + b] + Sqrt[a - bl*Tan[(c
+ d*x72)/2])/(I*Sqrt[a - b] + Sqrt[a + b])] + PolyLog[2, (Sqrtl[a - bl*(1 +
I*Tan[(c + d*x~2)/2]))/(Sqrt[a - b] - I*Sqrt[a + bl)]) - I*(2*a~2 - b~2)*
(Log[1 + I*Tan[(c + d*x~2)/2]]*Log[(I*(Sqrt[a + b] - Sqrt[a - bl*Tan[(c +
d*x~2)/2]))/(Sqrt[a - b] + I*Sqrtl[a + b]l)] + PolyLog[2, (Sqrtl[a - bl*(1 +
IxTan[(c + d*x~2)/2]))/(Sqrt[a - b] + I*Sqrtl[a + bl)]))*Seclc + d*xx~2] 2% (
(2%a”2 - b~2)*d*x~2 + a*b*Sin[c + d*x~2])*(Sqrt[a + b] - Sqrt[a - b]*Ta...

3.25.3 Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 586, normalized size of antiderivative = 0.98,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.222, Rules used

integrand size
= {4692, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

23
]/ 5 dx
(a + bsec (c + dz?))
| 4692

1 /[ z? 2
- 5dx
2 ) (a+bsec(dz?+c))

l 3042
2
lu/j w 2dm2
2 (a%—bcsc(dx24—c%—§))
l 4679

z3

f (a+bsec(ctda?))? dx

3.25.
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1 2bx? z2 b2x? 2
= —— 5 + =+ 5 | dz
2 a?(b+acos(dr®+c))  a® a2 (b+ acos(dz?+c))

l 2009

i(da:2+c) i(dm2+c)

__ae __ae 12 a
2b PolyLog (2, b—x/W) 2b PolyLog <2, b+m> N 5 log (acos (c+da:2) +b) 2ibx* log (1 + 5

1
2 2202 — a2 a2d2\/0? — a2 a2d? (a2 — b?) a2dv/b? —

§
input  Int[x~3/(a + b*Sec[c + d*x~2])~2,x]

output | (x74/(2+¥a"2) - (I*b~3*x"2*Logl[l + (a*E~(I*(c + d*x~2)))/(b - Sqrt[-a”™2 + b
~21)1)/(a"2x(-a"2 + b~2)"(3/2)*d) + ((2xI)*bxx~2*Log[1l + (a*E~(I*(c + d*x~
2)))/(d - Sqrt[-a”2 + b"2])])/(a"2*Sqrt[-a”"2 + b"2]*d) + (I*b~3*x"2xLogl[1

+ (axE~(Ix(c + d*x72)))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*(-a"2 + b~2)"(3/2)*d4
) - ((2%I)*b*x~2+Log[l + (a*E~(Ix(c + d*x"2)))/(b + Sqrt[-a"2 + b~2])]1)/(a
~2xSqrt[-a”2 + b~2]*d) + (b"2*Log[b + a*Cos[c + d*x~2]])/(a"2*(a"2 - b~2)*
d~2) - (b~3%PolyLogl[2, -((a*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2 + b~2]))]1)/(
a”2x(-a"2 + b~2)7(3/2)*d"2) + (2xbxPolyLog[2, -((a*E~(I*(c + d*x~2)))/(b -
Sqrt[-a~2 + b~2]))]1)/(a"2xSqrt[-a~2 + b~2]*d"2) + (b~3*PolyLogl[2, -((a*xE~
(Ix(c + d*x~2)))/(b + Sqrt[-a”2 + b72]))]1)/(a"2*(-a"2 + b~2)"(3/2)*d"2) -

(2*%b*PolyLog[2, -((a*E~(I*(c + d*x~2)))/(b + Sqrt[-a"2 + b72]))]1)/(a"2*Sqr
t[-a"2 + b72]1%d"2) + (b~2*x"2xSin[c + d*x~2])/(ax(a"2 - b"2)*d*(b + axCos[
c + d*x~2])))/2

3.25.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

rule 4679‘Int[(csc[(e_.) + (f_)*(x)I*(M_.) + (a))"(@_.)*((c_.) + (@_)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
‘n[e + f*x])"n), x], x] /; FreeQl[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

/]

z3

f (a+bsec(ctda?))? dz

3.25.
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rule 4692 Int[(x_)~(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x)~(a_)1)~(p_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
‘ 1)/n], 0] && IntegerQ[p]

3.25.4 Maple [F]

23
/ 5dx
(a + bsec(dz? + c))

input Lint (x73/ (at+b*sec(d*x"2+c)) ~2,x)

output | int (x~3/(at+b*sec(d*x~2+c))~2,x)

N

3.25.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1928 vs. 2(522) = 1044.

Time = 0.44 (sec) , antiderivative size = 1928, normalized size of antiderivative = 3.23

$3

(a + bsec (c + dz?))

5 dr = Too large to display

input  integrate(x~3/(a+b*sec(d*x"2+c))"2,x, algorithm="fricas")

N

z3

f (a+bsec(ctda?))? dz

3.25.
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1/4x((a~5 - 2*a~3*b~2 + a*b~4)*d"2*x"4*cos(d*x"2 + c) + (a~4*b - 2%a~2*b~3
+ b7B)*d"2%x"4 + 2%(a"3*%b”2 - a*b”4)*d*x"2*sin(d*x"2 + c) - (2%a"3*b"2 -
axb”™4 + (2*a~4#b - a~2%b”3)*cos(d*x"2 + c))*sqrt(-(a”2 - b~2)/a"2)*dilog(-
(b*cos(d*x™2 + c) + I*bxsin(d*x"2 + c) + (a*cos(d*x"2 + c) + Ixa*sin(d*x"2
+ c))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) + (2%¥a"3*%b"2 - a*b"4 + (2*a~4*b
- a”2%b"3)*cos(d*x"2 + c))*sqrt(-(a”2 - b~"2)/a"2)*dilog(-(b*cos(d*x"2 + c)
+ I*b*sin(d*x~2 + c) - (a*cos(d*x"2 + c) + I*axsin(d*x"2 + c))*sqrt(-(a~2
- b72)/a"2) + a)/a + 1) - (2%a"3*b"2 - axb”4 + (2xa"4*b - a~2*b~3)*cos(d*
x"2 + c))*sqrt(-(a”2 - b72)/a"2)*dilog(-(b*cos(d*x~2 + c) - I*b*sin(d*x"2
+ ¢) + (axcos(d*x~2 + c) - I*a*sin(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2) + a)
/a + 1) + (2%a~3%b”2 - a*b™4 + (2*a"4*b - a~2%b~3)*cos(d*x~2 + c))*sqrt(-(
a”2 - b"2)/a"2)*dilog(-(b*cos(d*x"2 + c) - I*b*sin(d*x"2 + c) - (akcos(d*x
2 + c) - Ixa*sin(d*x"2 + c))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + (-Ix(2*
a~3*%b~2 - a*b"4)*d*x"2 - I*(2*a"3*b"2 - axb"4)*c + (-I*(2*a"4xb - a~2xb~3)
*d*x"2 - I*(2%a~4%b - a~2%b"3)*c)*cos(d*x"2 + c))*sqrt(-(a”2 - b~2)/a"2)*1
og((b*cos(d*x~2 + c) + Ixb*sin(d*x~2 + c) + (a*cos(d*x"2 + c) + I*a*sin(d*
X"2 + c))*sqrt(-(a”2 - b~2)/a"2) + a)/a) + (I*(2*%a~3*%b"2 - a*b”4)*d*x"2 +
I*(2%xa~3*b"2 - a*xb~4)*c + (I*(2*%a~4*b - a~2*%b~3)*d*x"2 + I*(2*a"4*b - a~2%
b~3)*c)*cos(d*x~2 + c))*sqrt(-(a”2 - b~2)/a"2)*log((b*cos(d*x"2 + c) + I*b

*sin(d*x~2 + c) - (a*cos(d*x™2 + c) + I*a*xsin(d*x"2 + c))*sqrt(-(a”2 - ...

3.25.6 Sympy [F]

x3 z3
J/ 2dx=zt/1 5 dT
(a + bsec (¢ + dz?)) (a + bsec (c + dz?))

-

inputLintegrate(x**3/(a+b*sec(d*x**2+c))**2,x)

output

~—

Integral(x**3/(a + b*sec(c + d*x**2))**2, x)

N

J

z3

f (a+bsec(ctda?))? dx

3.25.
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3.25.7 Maxima [F(-2)]

Exception generated.

3
/ ad 5 dr = Exception raised: ValueError
(a + bsec (c + dz?))

inputLintegrate(x“3/(a+b*sec(d*x“2+c))“2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4%¥b~2-4%a"2>0)', see “assume? f
‘or more de

3.25.8 Giac [F]

z3 z3
/ 5 dr = / 5 dx
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

inputLintegrate(x“3/(a+b*sec(d*x“2+c))“2,x, algorithm="giac")

output Lintegrate(x“3/(b*sec(d*x“2 +c) +a)”2, x)

3.25.9 Mupad [F(-1)]

Timed out.

/ (a-l-bsecazc—l—da:?))2 dz :/ < ;Y dz

a+ cos(dz2+c)

inputLint(x‘3/(a + b/cos(c + d*x72))"2,x)

output Lint(x"S/(a + b/cos(c + d*x~2))"2, x)

z3

f (a+bsec(ctda?))? dz

3.25.
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326 [ ____dg

a+bsec(c+dz?))
3.26.1 Optimal result . . . . . . ... ... .. ... 178
3.26.2 Mathematica [N/A] . . . . ... .. 178
3.26.3 Rubi [N/A] . . . .o 79
3.26.4 Maple [N/A] (verified) . . . . . . . .. .. 179
3.26.5 Fricas [N/A] . . . . . . 180
3.26.6 Sympy [N/A] . . . . 180
3.26.7 Maxima [N/A] . . . . . . . 180
3.26.8 Giac [N/A] . . . . . 181
3.26.9 Mupad [N/A] . . . . . 182

3.26.1 Optimal result

Integrand size = 18, antiderivative size = 18

z? z?
/ 5 dT = Int( 2,x>
(a + bsec (c + dz?)) (a + bsec (c + dz?))

p
output LUnintegrable (x72/ (a+b*sec(d*x"2+c))~2,x)

~—

3.26.2 Mathematica [N/A]
Not integrable

Time = 6.73 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ 5 dr = / 5 dx
(a + bsec (c + dz?)) (a + bsec (c+ dz?))

input tIntegrate [x~2/(a + b*Sec[c + d*x~2])"2,x] J
output LIntegrate [x"2/(a + bxSec[c + d*x~2])~2, x] J
3.26. z” da

f (a+bsec(ctda?))?
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3.26.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

22
/ 5 dx
(a + bsec (c + dz?))
l 4694

72
/ 5dx
(a + bsec (c + dz?))

input LInt [x~2/(a + b*Sec[c + d*x~2])~2,x]

output t$Aborted

3.26.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)‘(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m,
} n, p}, x]

3.26.4 Maple [N/A] (verified)

Not integrable

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

72
/ 5dx
(a+ bsec(dz? + ¢))

-

input Lint (x~2/ (atb*sec(d*x"2+c)) ~"2,x)

-/

output Lint (x~2/ (a+b*sec(d*x"2+c)) ~2,x)

-/

2
z dz

326. | ire(oramy
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3.26.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

2 2
T T
/ 5 dr = / 5 dx
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

inputLintegrate(x‘2/(a+b*sec(d*x*2+c))“2,x, algorithm="fricas")

output‘integral(x“Q/(b“2*sec(d*x“2 + ¢c)~2 + 2*%axbxsec(d*x”2 + ¢c) + a~2), x)

3.26.6 Sympy [N/A]

Not integrable

Time = 1.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

z? z?
/ 5 dr = / 5 dx
(a + bsec (c+ dz?)) (a + bsec (c+ dz?))

input Lintegrate (x**2/ (at+b*sec (d*x**2+c) ) **2,x)

output LIntegral(x**Q/(a + bxsec(c + dxx**2))**2, x)

3.26.7 Maxima [N/A]

Not integrable

Time = 0.89 (sec) , antiderivative size = 1261, normalized size of antiderivative = 70.06

z? z?
/ 5 dr = / 5 dT
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

inputLintegrate(x“2/(a+b*sec(d*x“2+c))“2,x, algorithm="maxima")

2
z dz

326. | ire(oramy
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1/3*x((a~4 - a~2*b~2) *d*x~3*cos (2*xd*x~2 + 2%c)"2 + 4*x(a~2*%b~2 - b~4)*d*x"3*
cos(d*x"2 + ¢)72 + (a™4 - a~2*b"2)*d*x"3*sin(2*d*x"2 + 2%c)~2 + 4x(a”2%b"2
- b74)*d*x"3*sin(d*x"2 + c)~2 + 4%x(a”3*b - axb~3)*d*x"3*cos(d*x"2 + c) +
3*a*b " 3*x*sin(d*x"2 + c) + (a™4 - a™2%b"2)*d*x"3 + (4*(a"3*b - a*b~3)*d*x"
3*cos(d*x"2 + c) - 3*a*b"3xx*sin(d*x"2 + c) + 2x(a”4 - a~2*xb~2)*d*x"3)*cos
(2*%d*x"2 + 2*xc) - 3*((a"™6 - a~4*b~2)*d*cos(2xd*x"2 + 2%c)"2 + 4x(a~4*xb"2 -
a~2%b~4)*d*cos(d*x"2 + ¢c)"2 + (a"6 - a~4*b"2)*d*sin(2xd*x"2 + 2%c)"2 + 4x
(a~5%b - a"3*b~3)*d*sin(2*d*x"2 + 2*c)*sin(d*x”"2 + c) + 4*%(a”4%b"2 - a~2*b
~4)*d*sin(d*x~2 + c)~2 + 4x(a~5*%b - a~3*b~3)*d*cos(d*x"2 + c) + (a”6 - a~4
*b~2)*d + 2% (2%x(a~5%b - a~3*b~3)*d*cos(d*x"2 + c) + (a”6 - a~4%b~2)*d)*cos
(2*%d*x~2 + 2*c))*integrate((4*(2*a~2*b"2 - b~4)*d*x"2*cos(d*x™2 + c)~2 + 4
*(2%a"2*%b”"2 - b74)*d*x"2*sin(d*x"2 + c)~2 + 2*x(2*%a"3*b - a*b”3)*d*x"2*cos(
d*x~2 + c) + axb"3*sin(d*x"2 + c) + (2%(2*a"3*b - axb”~3)*d*x"2*cos(d*x"2 +
c) - axb~3*sin(d*x"2 + c))*cos(2*%d*x"2 + 2*c) + (a*b"3*cos(d*x"2 + c) + 2
*(2*%a~3%b - a*b”"3)*d*x"2*sin(d*x"2 + c) + a"2*b"2)*sin(2*d*x"2 + 2*c))/((a
6 - a~4xb”2)*d*cos(2*xd*x"2 + 2%c)”"2 + 4x(a”4%b"2 - a~2*b"4)*d*cos(d*x"2 +
c)"2 + (a”6 - a"4*xb"2)*d*sin(2xd*x"2 + 2xc) "2 + 4*x(a~5x%b - a~3*b~3)*d*sin
(2%d*x~2 + 2*c)*sin(d*x"2 + c) + 4*%(a”"4*xb~2 - a~2xb~4)*d*sin(d*x"2 + c)~2
+ 4%(a”b*%b - a~3%b"3)*d*cos(d*x"2 + c) + (a"6 - a"4*b"2)*d + 2*%(2*(a~5*b -

a~3xb~3)*d*cos(d*x"2 + c) + (a"6 - a~4%b~2)*d)*cos(2*d*x~2 + 2%c)), X)...

3.26.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
L/“ 2<tv==J/ 5 dx
(a + bsec (c+ dz?)) (bsec (dz? +c) + a)

>

integrate(x~2/(atb*sec(d*x~2+c))~2,x, algorithm="giac")

N

-

integrate(x~2/(b*sec(d*x~2 + c) + a)~2, x)

2
z dz

326. | ire(oramy
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3.26.9 Mupad [N/A]

Not integrable

Time = 13.46 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

5 dx

z2+c)

x? x
(a + bsec (c+ da?))? o = b
<a + cos(d )

input Lint(x‘Q/(a + b/cos(c + d*x"2))"2,x%)

output Lint(x‘2/(a + b/cos(c + d*x"2))"2, x)

2
z dz

326. | ire(oramy
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3.27 | ; z s dz

a+bsec(c+dz?))
3.27.1 Optimalresult . . .. ... ... ... . 183
3.27.2 Mathematica [A] (verified) . . . . . . . . .. .. .. L 183
3.27.3 Rubi [A] (verified) . . . . .. ... .. 184
3.27.4 Maple [A] (verified) . .. .. ... ... .. 187
3.27.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 187
3.27.6 Sympy [F] . . . . . 188
3.27.7 Maxima [B] (verification not implemented) . . . . . . . . ... ... ... .. 1R8]
3.27.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 189
3.27.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 190

3.27.1 Optimal result

Integrand size = 16, antiderivative size = 123

\/ﬂtan(% (c+dx2))
/ T o L b(2a? — b?) arctanh( o )
(a + bsec (¢ + da?))? 2a? a?(a — b)3/2(a + b)3/2d

4 b? tan (c + dz?)
2a (a? — b%) d (a + bsec (c + dz?))

output ‘ 1/2%x~2/a"~2-b* (2*a~2-b~2) *arctanh ((a-b) ~ (1/2) *tan(1/2*d*x~2+1/2%c) / (a+b) ~(
‘ 1/2))/a~2/(a-b)~(3/2)/(a+b)~(3/2)/d+1/2*b~2*tan(d*x"2+c) /a/(a~2-b"2) /d/ (a+
b*sec (d*x~2+c))

N\ J

3.27.2 Mathematica [A] (verified)

Time = 1.06 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.24

T
5 dx
(a + bsec (c + dz?))
2b(_2a2+b2)arctanh < (—a+b) tan(% (C+dw2)) >
— . (

Va2 b2 a? —b2) (c+dm2) cos (c+dz2 ) +b ( (a2 —b2) (c+d:1:2) +absin (c+dm2 ) )

VaZ—b2 b+a cos(c+dz?)

2a%(a — b)(a + b)d

input LIntegrate [x/(a + bxSec[c + d*x~2])"2,x] J

3.27. dz

f (a+bsec(ctda?))?
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output‘ ((-2xbx(-2%a~2 + b~2)*ArcTanh[((-a + b)*Tan[(c + d*x~2)/2])/Sqrt[a"2 - b~2
‘]])/Sqrt [a”2 - 2] + (ax(a”2 - b™2)*(c + d*x~2)*Cos[c + d*x~2] + b*((a~2
\— b"2)*(c + d*x~2) + a*b*Sin[c + d*x"2]))/(b + a*Cos[c + d*x~2]))/(2*a~2x*(
‘2 - b)*(a + b)*d)

3.27.3 Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.19,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.688, Rules

used = {4692, 3042, 4272, 25, 3042, 4407, 3042, 4318, 3042, 3138, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

T
/ 5 dz
(a + bsec (¢ + dz?))
| 4692

1L/" 1 ,
- 5dx
2 ) (a+bsec(dz?+c))

J’3042
Y B —
(a + besc (dm2 +c+ 5))
l 4272
2_b d. 2 —b2
1 b? tan (c + dz?) J== afzzt(ac?d;% da*
2\ ad(a? — b?) (a + bsec (c + dz?)) a (a2 — b?)
l 25
2_b d. 2 _b2
1 /* afz(;ic?dztizz) da? 4 b? tan (c + dz?)
2 a (a2 — b?) ad (a? — b?) (a + bsec (c + dz?))
l 3042
a2—bcsc(dx2—i-c+£)a—b2 9
1 f a+bcsc (dm2+c-2i-%) dz n b% tan (C + d$2)
2 a (a2 — b?) ad (a? — b?) (a + bsec (¢ + dz?))
l 4407

z dz

327 | rscteramy
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sec (dm2+c)

b(2a2—b2) [ — AT T gp2
) xQ(aZ—bQ) 3 (2a )/ a+;sec(dz2+c) * .\ b2 tan (C+ de)
2 a (a2 — b?) ad (a? — b?) (a + bsec (c + dz?))
l 3042
b(2a2—t2) [ L4t ) s
1 wz(ai—b2) _ ( )f a+b2sc(dz2+c+§) N b2 tan (C+ de)
2 a (a2 — b2) ad (a2 — b2) (a + bsec (c + dz?))
l 4318
(2(12—b2) f acos(dav12+c) dw2
1 mQ((LZ—bQ) . 7{1 5 +1 + b2 tan (C-l-d.’L'Q)
2 a (a2 — b?) ad (a? — b?) (a + bsec (c + dz?))
l 3042
(2a2_b2) f asin(dwz-lﬁ-c-ﬁ—l) d(l}2
1 m2(a,z_b2) . _ - 2 -+1 N b2 tan (C+d$2)
2 a (a2 — b?) ad (a? — b?) (a + bsec (c + dz?))
l 3138
2(2a%-b?) [ ——L ——dtan(3 (dz?+
) zz(a(zl_bz) B (2a )/ (1—%)354:.1%“’ a,n(2( z?+c)) . B2 tan (C+ de)
2 a (a2 — b?) ad (a? — b2) (a + bsec (¢ + dz?))
l 221
2b(2a%-b?)arctanh vabian(}(ctds?))
2 (a2—b?) a+tb ) )
1 a B adva—bva+b n b“ tan (C +dx )
2 a (a? — b?) ad (a? — b?) (a + bsec (c + dz?))

input‘ Int[x/(a + b*Sec[c + d*x~2])"2,x]

output‘{((((a"Q - b"2)*x72)/a - (2%b*(2%a"2 - b~2)*ArcTanh[(Sqrt[a - b]*Tan[(c + d
‘*x"2)/2])/Sqrt [a + bl])/(axSqrt[a - b]l*Sqrtl[a + bl*d))/(ax(a"2 - b72)) + (
‘b"2*Tan[c + d*x~2])/(a*x(a”2 - b"2)*d*(a + bxSec[c + d*x~2])))/2

3.27. dz

f (a+bsec(ctda?))?
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3.27.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 221

rule 3042

rule 3138

rule 4272

rule 4318

rule 4407

rule 4692

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/bl]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]1}, Simp[2x*(e/d) Subst[Int[1/(a + b +
(a - b)*e~2*x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*xd*(n + 1)*(a”2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a~2 -
b"2)*(n + 1) - a*bx(n + 1)*Cscl[c + d*x] + b~ 2*%(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
f}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c

- axd, 0]

Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_)*(x_)"(n_)]1)"(p_.), x_Symbol
1 :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
p, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

3.27. dz

f (a+bsec(ctda?))?
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3.27.4 Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.32

method

result

(2&2 —b2) arctanh

v/(a—b)(a+d)

(a—b) tan(izaﬁ-i—%) )

(a—b)(a+b)\/(a—b)(a+bd)

dz?

derivativedivides

2 arctan (tan ( S5
+

a2

2d

(2a2 —bz) arctanh

/(a—b)(atb)

2
d
(a—b) tan(%-}—%

)

(a—b)(a+b)\/(a—b)(a+b)

2
dz
2 arctan (tan ( v
+

default a2

a2

risch

2d

Va2-b2q

bln (ei(dw2+C) _ia2—ib%2—b\/aZ—b2

) 3 1n (ei(dz2+c) _

2a2 T . .
2a? az(a2_b2)d(ae2z(d12+c) +2bez(dz2+c) +a)

_|_

VaZ2—b2 (a+b)(a—b)d

2vaZ b2 (

inputLint(x/(a+b*sec(d*x“2+c))“2,x,method=_RETURNVERBUSE)

output \ 1/2/d*(2*b/a~2* (-b*a/(a”~2-b"2) *tan (1/2*d*x~2+1/2*c) / (tan(1/2*d*x~2+1/2*c) "
‘2*a—tan(1/2*d*x“2+1/2*c)“2*b—a—b)-(2*a‘2-b“2)/(a—b)/(a+b)/((a—b)*(a+b))“(1
‘/2)*arctanh((a—b)*tan(1/2*d*x‘2+1/2*c)/((a—b)*(a+b))‘(1/2)))+2/a“2*arctan(

‘tan(1/2*d*x‘2+1/2*c)))

3.27.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 229 vs. 2(110) = 220.

Time = 0.30 (sec) , antiderivative size = 525, normalized size of antiderivative = 4.27

x
5 dx
(a + bsec (c + dz?))

2 (a® — 2a®b? + ab*)dx? cos (dx? + ¢) + 2 (a*b — 2a2b3 + b°)dz? + (2a%0? — b* + (2a®b — ab®) cos (dz? -

4((a” — 2a°02 + abY)d

inputLintegrate(x/(a+b*sec(d*x‘2+c))‘2,x, algorithm="fricas")

3.27. dz

f (a+bsec(ctda?))?



output

input

output
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[1/4% (2% (2”5 - 2%a”3%b"2 + a*b”4)*d*x"2xcos(d*x"2 + c) + 2*(a~4xb - 2xa~2*
b3 + b~ 5)*d*x"2 + (2*a"2x¥b"2 - b~4 + (2%a"3*b - a*b~3)*cos(d*x"2 + c))*sq
rt(a™2 - b"2)*1log((2*a*bxcos(d*x"2 + c) - (a"2 - 2*b"2)*cos(d*x"2 + c)~2 -
2xsqrt(a”2 - b"2)*(b*cos(d*x"2 + c) + a)*sin(d*x™2 + c) + 2*¥a"2 - b~2)/(a
~2xcos(d*x"2 + c)~2 + 2%a¥b*cos(d*x”2 + c) + b72)) + 2%(a”3%b"2 - axb”"4)*s
in(d*x~2 + ¢))/((a”7 - 2*a~5%b~2 + a~3*b~4)*d*cos(d*x~2 + c) + (a"6xb - 2%
a~4*xb~3 + a"2*b~5)*d), 1/2x((a”5 - 2*a~3*%b"2 + axb~4)*d*x"2*xcos(d*x"2 + c)
+ (a"4xb - 2¥a”2%b"3 + b7H)*d*x"2 - (2%¥a"2*¥b"2 - b"4 + (2*xa"3*b - ax*b”3)*
cos(d*x~2 + c))*sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*cos(d*x"2 + ¢
) + a)/((a”2 - p™2)*sin(d*x"2 + ¢))) + (a~3%b"2 - a*b”4)*sin(d*x"2 + c¢))/(
(a7 - 2*xa”5*b"2 + a~3*b~4)*d*cos(d*x~2 + c) + (a~6%b - 2*a~4%b~3 + a~2*b"
5)*d)]

3.27.6 Sympy [F]

x x
/ 5 dr = / 5 dT
(a + bsec (c + dz?)) (a + bsec (c + dz?))

Lintegrate(x/(a+b*sec(d*x**2+c))**2,x)

~—

e

LIntegral(x/(a + b*sec(c + d*x**2))**2, x)

|

3.27.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 8871 vs. 2(110) = 220.

Time = 25.25 (sec) , antiderivative size = 8871, normalized size of antiderivative = 72.12

T
(a + bsec (c + dz?))

5 dr = Too large to display

input  integrate(x/(a+b*sec(d*x"2+c))"2,x, algorithm="maxima")

3.27. z dz

f (a+bsec(ctda?))?



CHAPTER 3. LISTING OF INTEGRALS 189

output | 1/2*%((a~6 - 2*a~4*b~2 + a~24b"4)*d*x"2*cos (2*d*x"2 + 2*c) "2 + 4x(a~4%b"2 -
2*¥a"2*¥b"4 + b76)*d*x"2*cos(d*x"2 + ¢c)72 + (276 - 2*a~4*b~2 + a”2*b"4)*d*x
“2xsin (2xd*x"2 + 2%c) 72 + 4x(a”4%b"2 - 2*xa”2%b"4 + b76)*d*x"2*ksin(d*x"2 +
c)”"2 + 4x(a"bxb - 2*a”~3*%b~3 + a*b”~5)*d*x"2*cos(d*x"2 + c) + (a6 - 2*a~4x*b
2 + a”2xb"4)*d*x"2 + (2*%a"4*xb - a~2*%b"3 + (2*%a"4*xb - a~2*%b”~3)*cos(2*d*x"2
+ 2%c)”"2 + 4%(2%a”"2%b"3 - b~5)*cos(d*x"2 + c)~2 + (2*¥a"4xb - a"2xb"3)*sin
(2%d*x"2 + 2%c)”2 + 4x(2*%a~3*b"2 - a*b”4)*sin(2*d*x"2 + 2*c)*sin(d*x"2 + c
) + 4x(2%a”2*¥b"3 - b75)*sin(d*x"2 + c)72 + 2x(2*a"4xb - a~2*b"3 + 2*(2*a”3
*b~2 - axb~4)*cos(d*x"2 + c))*cos(2xd*x"2 + 2*xc) + 4x(2%a”~3*b"2 - axb~4)*c
0s(d*x”~2 + c))*sqrt(-a~2 + b~2)*arctan2(2*(4*(a”6 - a~4*b~2)*cos(d*x"2 + 2
*xc) ~4xcos(c)*sin(c) - 4x(a”6 - a~4*xb~2)*cos(c)*sin(d*x~2 + 2xc) ~4xsin(c) +
4% (3*x(a"5*%b - a~3*b~3)*cos(c) "2*sin(c) + (a~6*b - a~3*b~3)*sin(c) ~3)*cos(
d*x~2 + 2%c)”3 - 4x((a"5*b - a"3*b~3)*cos(c)”3 + 3*(a"5*b - a~3*b~3)*cos(c
Y*sin(c)”2 + ((a”™6 - a~4*b~2)*cos(c)”2 - (a"6 - a~4%b~2)*sin(c) ~2)*cos(d*x
2 + 2x¢c))*sin(d*x”2 + 2%c)"3 - 4x((a”6 - 5*a”4*b"2 + 4*a”2xb~4)*cos(c) 3%
sin(c) + (a”6 - 5*%a”4%b"2 + 4*a~2*b~4)*cos(c)*sin(c) "3)*cos(d*x"2 + 2*xc)~2
+ 4x((a"6 - 5*%a~4*xb"2 + 4*a~2xb"4)*cos(c) "3*sin(c) + (a”6 - 5*xa”4%b~2 + 4
*a~2xb~4)*cos(c)*sin(c) "3 - 3*((a~5*%b - a~3*b~3)*cos(c) "2*sin(c) - (a~5*b
- a”3%b"3)*sin(c)"3)*cos(d*x"2 + 2xc))*sin(d*x"2 + 2%c)"2 - 4x((a~b*b - 3*
a~3xb~3 + 2xaxb”5)*cos(c) "4*sin(c) + 2*(a”b*b - 3*a”3*b~3 + 2*axb~5)*co...

3.27.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.59

T
U/h 5 dx
(a + bsec (c + dz?))
b?tan (5 dz® + 1 c)
(ﬁd—a@@@ﬂmﬂ%®¥+162—bmn@&ﬁ+%d2—a—@

2
atan(% dw2+% c) —btan(% dm2+% c)
\/_a2+b2

(2a%b — b%) (77 L% + %J sgn(2a — 2b) + arctan (
(a*d — a?b?d)v/ —a? + b?

+

dz? + ¢
2a2d

-

inputLintegrate(x/(a+b*sec(d*x‘2+c))‘2,x, algorithm="giac")

~—

z dz

327 | rscteramy
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output | -b~2*tan(1/2*d*x~2 + 1/2*c)/((a”~3*d - a*b~2*d)*(a*tan(1/2*d*x"~2 + 1/2%c) "2
- bxtan(1/2xd*x"2 + 1/2%c)”2 - a - b)) + (2*a"2xb - b~3)*(pi*floor(1/2*(d
*x"2 + c)/pi + 1/2)*sgn(2*a - 2*b) + arctan((a*tan(1l/2*d*x~2 + 1/2%c) - b*
tan(1/2*d*x"2 + 1/2%c))/sqrt(-a”2 + b~2)))/((a~4*d - a~2%b~2x*d)*sqrt(-a~2

+ b72)) + 1/2x(d*x"2 + c)/(a”"2*d)

3.27.9 Mupad [B] (verification not implemented)

Time = 17.65 (sec) , antiderivative size = 340, normalized size of antiderivative = 2.76

x
u/~ 5 dT
(a + bsec (c + dz?))

B2 B3 elidz?+eli
_ d(ab?li—ad1i) + ad(ab? li—a3 1i) z
- a+ae2idx2+c2i +2be1idz2+cli 2 a2

. . bz (a2—b2) (2a2—b?) (atbelidz’+cli) g
b In <2 brelide’teli (942 _ p2) — ) ((a+b)3/z)(£_:)3/2 ) ) (2a® — b?)

2a2d(a+ b)?’/2 (a — b)3/2
idz24cli bz (a2—b?) (2a%-b?) atbelida?teli) gf
bln (2 b xelid 24cl (2 a® — b2) + Tk (g_b)3/2 ) ) (2 a? — bg)

2a2d (a + b)*? (a — b)*/*

2

_|_

inputtint(x/(a + b/cos(c + d*x~2))"2,x)

p

output | (b"2/(d*(a*b~2*1i - a~3*%1i)) + (b~3*exp(c*1li + d*x"2%1i))/(a*d*(a*b™2*1i -

a~3x1i)))/(a + axexp(c*2i + d*x"2%2i) + 2%bkexp(c*1i + d*x~2x1i)) + x~2/(
2xa~2) + (bxlog(2*b*x*exp(c*1li + d*x"2*1i)*(2*a”2 - b72) - (b*x*(a"2 - b™2
)*(2*a"2 - b"2)*(a + bxexp(cx1i + d*x"2%1i))*2i)/((a + b)~(3/2)*(a - b)~(3
/2)))*(2%a”2 - b72))/(2%a"2*xdx(a + b)~(3/2)*(a - b)~(3/2)) - (bxlog(2¥b*x*
exp(cx1i + d*x72%1i)*(2%a”2 - b72) + (bxx*(a”2 - b2)*(2*%a"2 - b™2)*(a + b
*exp(c*x1i + d*x"2x1i))*2i)/((a + b)~(3/2)*(a - b)~(3/2)))*(2*xa"2 - b72))/(
2xa~2*xd*(a + b)~(3/2)*(a - b)~(3/2))

3.27. dz

f (a+bsec(ctda?))?
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3.28 5 dx

1
f z(a+bsec(c+dz?))

3.28.1 Optimal result . . . . . . . . . ... . [191]
3.28.2 Mathematica [N/A] . . . . . . . . . 1971
3.28.3 Rubi [N/A] . . o oo oot e 92
3.28.4 Maple [N/A] (verified) . . . . . . . .. ... 192
3.28.5 Fricas [N/A] . . . . . 193]
3.28.6 Sympy [N/A] . . . . 193l
3.28.7 Maxima [N/A] . . . . . . . 193
3.28.8 Giac [N/A] . . . . o o e 194
3.28.9 Mupad [N/A] . . . . e 195

3.28.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ 1 5 d:v=Int< 1 2,z>
z (a + bsec (c + dz?)) z (a + bsec (c + dz?))

~—

p
output LUnintegrable (1/x/ (a+b*sec(d*x"2+c))~2,x)

3.28.2 Mathematica [N/A]

Not integrable

Time = 10.51 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 dr = / 5 dx
z (a + bsec (c + dz?)) z (a + bsec (c + dz?))

input LIntegrate [1/(xx(a + b*Sec[c + d*x~2])72),x]

output LIntegrate [1/(xx(a + b*Sec[c + d*x~2])"2), x]

1
3.28. f z(a+bsec(c+dz?))? de
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3.28.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ 5 dz
z (a + bsec (c + dz?))
| 4694

1
/ 5dx
z (a + bsec (¢ + dz?))

input LInt [1/(xx(a + b*Sec[c + d*x~2])"2),x]

~—

-

output | $Aborted

N\

i

3.28.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

3.28.4 Maple [N/A] (verified)

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/ 5dx
z(a + bsec (dx? + ¢))

-

input Lint (1/x/ (a+bxsec(d*x~2+c)) ~2,x)

~—/

output Lint (1/x/ (a+b*sec(d*x~2+c)) ~2,x)

~—

1
3.28. f z(a+bsec(c+dz?))? de
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3.28.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

/ ! 5 dx=/ ! 5— dx
z (a + bsec (c + dz?)) (bsec (dz?2 4+ c¢) +a)’x

input Lintegrate (1/x/ (atb*sec(d*x~2+c))~2,x, algorithm="fricas")

output Lintegral(l/(b?*x*sec(d*x"2 + ¢c)72 + 2*axbxx*sec(d*x”2 + c) + a~2*x), X)

-/

3.28.6 Sympy [N/A]
Not integrable

Time = 1.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/ 1 de/ 1
z (a + bsec (c + dz?))? z (a + bsec (c + dz?))

5 dx

input ‘ integrate (1/x/ (a+bxsec(d*x**2+c) ) **2,x)

output LIntegral(l/(x*(a + bksec(c + dxx**2))#**2), x)

3.28.7 Maxima [N/A]

Not integrable

Time = 6.02 (sec) , antiderivative size = 4629, normalized size of antiderivative = 257.17

/ L 5 d:v=/ L 5— dx
z (a + bsec (c + dz?)) (bsec (dz? +c¢) +a)’x

input Lintegrate (1/x/ (atb*sec(d*x"2+c)) ~"2,x, algorithm="maxima")

1
3.28. f z(a+bsec(c+dz?))? de




output

input

output
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(a”6*d*x"2*cos (2*d*x"2 + 2%c) "2*log(x) + a~6*d*x"2xlog(x)*sin(2*d*x~2 + 2%
c)"2 + (a"2*b~4x*cos(2xc) 2 + a~2*b"4xsin(2*c) "2) *d*x"2*cos (2*xd*x"2) ~2*1log/(
x) + 4*x((a~4*b"2 - 2*%a"2*xb"4 + b"6)*cos(c)"2 + (a~4*b"2 - 2*%a~2*xb"4 + b76)
*sin(c) ~2) *d*x"2*cos (d*x~2) "2xlog(x) + (a~2*b~4*cos(2*c)”~2 + a~2*b~4*sin(2
*xC) ~2) *d*x~2*1og(x) *sin(2*d*x~2) "2 + 4*((a"4*b~2 - 2*a~2%b~4 + b~6)*cos(c)
2 + (a”4%b"2 - 2%a”"2*b~4 + b~6)*sin(c) “2)*d*x"2*log(x)*sin(d*x"2)"2 + (a”
6 - 2¥a"4*b~2 + a"2xb~4)*d*x"2*log(x) - (a"2*b"4*sin(2*c) + 4*((a~3%b"3 -

axb~5)*cos(2*c)*cos(c) + (a"3*¥b~3 - axb~5)*sin(2*c)*sin(c))*d*x"2*cos(d*x"
2)xlog(x) + 2+(a”"4%b~2 - a”2+b~4)*d*x"2*xcos(2*c)*log(x) + 4x((a"3%b"3 - ax*
b~5)*cos(c)*sin(2*c) - (a"3%b~3 - a*b”5)*cos(2xc)*sin(c))*d*x"2xLlog(x)*sin
(d*x~2) ) *cos (2*d*x~2) - (2*a~4xb~2*d*x"2*cos (2*xd*x~2)*cos (2*c)*log(x) - 2%
a~4xb"2*d*x"2%1log(x) *sin(2*d*x~2) *sin(2*c) - 4*(a~b*b - a~3*b~3)*d*x"2*cos
(d*x~2)*cos(c) *log(x) + a~3*b~3*sin(d*x"2 + c) + 4*%(a"6*b - a~3*b~3)*d*x"2
*1og(x) *sin(d*x~2)*sin(c) - 2*(a"6 - a~4*b~2)*d*x"2*log(x))*cos(2*d*x~2 +

2xc) - (axb~b*cos(2*c)*sin(2*d*x~2) + a*b~b*cos(2*d*x~2)*sin(2*c) - 2*(a"2
*b~4 - b~6)*cos(c)*sin(d*x~2) - 2*(a"2%b"4 - b~6)*cos(d*x~2)*sin(c))*cos(d
*x"2 + c) + 2x(2%(a”b*b - 2*a"3%b~3 + a*b”5)*d*x"2xcos(c)*log(x) + (a~3*b~
3 - a*b”b)*sin(c))*cos(d*x"2) + (a~8*d*x"2xcos(2*d*x"2 + 2%c)”2 + a”8*xd*x"
2%sin(2%d*x~2 + 2%c) "2 + (a"4*b~4*cos(2%c)”2 + a"4*b"4*sin(2%c) "2)*d*x"2*c
08 (2%d*x~2) "2 + 4*((a"6*b"2 - 2*xa~4*b~4 + a~“2xb"6)*cos(c)”2 + (a"6%b"2 ...

3.28.8 Giac [N/A]

Not integrable

Time = 0.81 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

J[ : 2dx:zt/§ : 2
z (a + bsec (c + dz?)) (bsec (dz?2 4+ c¢) +a)’x

Lintegrate(1/x/(a+b*sec(d*x‘2+c))‘2,x, algorithm="giac")

p

integrate(1/((b*sec(d*x™2 + c) + a)~2*x), x)
1
3.28. f z(a+bsec(c+dz?))? dz
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3.28.9 Mupad [N/A]

Not integrable

Time = 14.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/x(a+bsecl(c+dx2))2 dr = / x( ;)2 dx

a+ cos(dz2+c)

inputtint(l/(x*(a + b/cos(c + d*x72))7"2),x)

output Lint(l/(x*(a + b/cos(c + d*x~2))"2), x)

1
3.28. f z(a+bsec(c+dz?))? de
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3.29 [ : ! ; dz

a+bsec(c+dz?))
3.29.1 Optimal result . . . . . . .. . .. . .. 196
3.29.2 Mathematica [N/A] . . . . ... .. L 196
3.29.3 Rubi [N/A] © . o\ oottt e 197
3.29.4 Maple [N/A] (verified) . . . . . . . .. . L 197
3.29.5 Fricas [N/A] . . . . . 198}
3.29.6 Sympy [N/A] . . . . 198
3.29.7 Maxima [N/A] . . . . . . . 198
3.20.8 Giac [N/A] . . . . o o e 199
3.20.9 Mupad [N/A] . . . . 200

3.29.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ 1 5 dT = Int( 1 5 x)
z2 (a + bsec (c + dz?)) x2 (a + bsec (c + dz?))

p
output LUnintegrable (1/x72/ (atb*sec(d*x~2+c))~2,x)

~—

3.29.2 Mathematica [N/A]

Not integrable

Time = 6.99 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ 1 5 dr = / ! 5 dx
z2 (a + bsec (c + dz?)) z2 (a + bsec (c + dz?))

input LIntegrate [1/(x"2%(a + b*Sec[c + d*x~2])"2),x] J
output LIntegrate [1/(x"2x(a + b*Sec[c + d*x~2])"2), x] J
1
3.29. f z2(a+bsec(c+dz?))? dz
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3.29.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
z2 (a + bsec (¢ + dz?))
| 4694

j/ 1 5dx
z? (a + bsec (¢ + dz?))

input LInt [1/(x"2*(a + b*Sec[c + d*x~2])"2),x]

~—

-

output | $Aborted

N\

i

3.29.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

3.29.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/ 5dx
x%(a + bsec (dx? + ¢))

-

input Lint (1/x72/ (a+bxsec (d*x~2+c)) ~2,x)

~—/

output Lint (1/x72/ (a+b*sec (d*x~2+c)) ~2,x)

~—

1
3.29. f xz(a+bsec(c+d$2))2 dzx
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3.29.5 Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

/ ! 5 dT = / ! 5 dx
x2 (a + bsec (¢ + dz?)) (bsec (dz? + ¢) + a) " x?

input Lintegrate (1/x72/ (atb*sec(d*x~2+c))~2,x, algorithm="fricas")

output‘integral(1/(b“2*x“2*sec(d*x‘2 + €)72 + 2%axbxx"2*sec(d*x”2 + c) + a"2%x"2)
» X)

3.29.6 Sympy [N/A]

Not integrable

Time = 1.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dr
z2 (a + bsec (c + dz?)) z2 (a + bsec (c + dz?))

inputLintegrate(1/x**2/(a+b*sec(d*x**2+c))**2,x)

outputLIntegral(l/(x**2*(a + brsec(c + dxx**2))*%2), x)

3.29.7 Maxima [N/A]
Not integrable

Time = 5.77 (sec) , antiderivative size = 4550, normalized size of antiderivative = 252.78

/ L 5 dT = / L 5 dx
z2 (a + bsec (c + dz?)) (bsec (dx? + ¢) + a)“z?

inputLintegrate(1/x“2/(a+b*sec(d*x‘2+c))“2,x, algorithm="maxima")

1
3.29. f 22 (a+bsec(c+dz?))? de




output

input

output
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-((a"6 - a~4xb~2)*d*x"2*cos(2*d*x"2 + 2%c)~2 + (a”6 - a~4*b~2)*d*x"2*sin(2
*d*xx"2 + 2*%c)"2 + (a”6 - 2*a"4%b"2 + a"2*xb"4)*d*x"2 + (a"2*b”"4*sin(2*c) -
(a"4%b”2 - a~2*%b"4)*d*x"2*cos(2*c))*cos(2*xd*x"2) + (a~3*b~3*sin(d*x"2 + c)
- (a™4%b"2 - a"2*b"4)*d*x"2*cos(2*d*x"2)*cos(2*c) + 2*(a"5*b - 2*a~3%b"3
+ a*b”5)*d*x"2*cos(d*x"2)*cos(c) + (a"4%b"2 - a~2*b~4)*d*x"2*sin(2*d*x"2) *
sin(2*c) - 2*(a”"5*b - 2*a~3*b"3 + a*b”5)*d*x"2*sin(d*x”"2)*sin(c) + 2*(a~5b*
b - a”3*b"3)*d*x"2*xcos(d*x"2 + c) + (2*a”"6 - 3*a"4*xb”"2 + a~2*b~4)*d*x"2)*cC
0s(2*d*x~2 + 2xc) + (2x(a"5*b - 2*a~3*b~3 + a*b~5)*d*x"2 + (a*xb”~5*sin(2*c)
- 2%(a"3%b~3 - axb~5)*d*x"2*cos(2*c))*cos(2xd*x"2) + 2*(2x(a"4*b"2 - 2*a”
2xb~4 + b~6)*d*x~2%cos(c) - (a~2*xb~4 - b~6)*sin(c))*cos(d*x"2) + (a*b~5*co
5(2%c) + 2%(a”3*b"3 - a*b~5)*d*x"2*sin(2*c))*sin(2*d*x"2) - 2% (2% (a~4xb"2
- 2%a"2%b~4 + b~6)*d*x"2*sin(c) + (a”2*%b~4 - b~6)*cos(c))*sin(d*x"2))*cos(
d*x~2 + c) + 2*%((a"5xb - 2*xa"3*b~3 + a*b”5)*d*x"2*cos(c) - (a"3*b”"3 - a*b”
5)*sin(c))*cos(d*x"2) - (a~8*d*x"3*cos(2*d*x"2 + 2*c) 2 + a~8*d*x"3*sin(2*
d*xx~2 + 2%c)”"2 + (a"4*b~4*xcos(2*c) "2 + a~4*b~4*xsin(2*c) ~2)*d*x"3*cos (2*xd*x
~2)"2 + 4x((a"6*b"2 - 2*%a”~4*xb~4 + a~2*b"6)*cos(c)"2 + (a"6*b"2 - 2*%a~4xb~4
+ a”2*b"6)*sin(c) "2) *d*x"3*cos(d*x"2) "2 + 4*x(a"T*b - 2*a"5*%b~3 + a~3*b”5)
*d*x"3*cos (d*x"2) *cos(c) + (a~4xb~4*cos(2*c)"2 + a~4xb~4*sin(2*c)~2) *d*x~3
*sin(2*d*x~2) "2 + 4*((a"6%b"2 - 2%a~4*b~4 + a~2*xb"6)*cos(c)"2 + (a~6*xb~2 -
2%a~4xb~4 + a~2%b~6)*sin(c) ~2)*d*x"3*sin(d*x"2) "2 - 4x(a~7*b - 2%a~5*b...

3.29.8 Giac [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

1 1
do —
/ 22 (a + bsec (¢ + dz2))? ! / (bsec (dz2 + ¢) + a)’z?

Lintegrate(1/x‘2/(a+b*sec(d*x‘2+c))“2,X, algorithm="giac")

p

integrate(1/((b*sec(d*x™2 + c) + a)~2*x"2), x)
1
3.29. f z2(a+bsec(c+dz?))? dz
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3.29.9 Mupad [N/A]

Not integrable

Time = 14.69 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

1 1
/ 2 (@ + bsec (¢ + dz?))? dz:/ b 7 4
v z? (CL + cos(dm2+c))

inputtint(l/(x’?*(a + b/cos(c + d*x~2))"2),x)

output Lint(l/(x’?*(a + b/cos(c + d*x~2))"2), x)

1
3.29. f 22 (a+bsec(c+dz?))? de
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3.30 [ : L 5 dz

a+bsec(c+dz?))
3.30.1 Optimal result . . . . . . .. . ... 20T]
3.30.2 Mathematica [N/A] . . . . . . . . . 201]
3.30.3 Rubi [N/A] © . oo oot e e 02
3.30.4 Maple [N/A] (verified) . . . . . . ... . . 202
3.30.5 Fricas [N/A] . . . . . 2031
3.30.6 Sympy [N/A] . . . . 203
3.30.7 Maxima [N/A] . . . . . . . 203
3.30.8 Giac [N/A] . . . . o o 204
3.30.9 Mupad [N/A] . . . o e 205

3.30.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ 1 5 dT = Int( 1 5 x)
x3 (a + bsec (c + dz?)) x3 (a + bsec (c + dz?))

~—

p
output LUnintegrable (1/x73/ (atb*sec(d*x~2+c)) ~2,x)

3.30.2 Mathematica [N/A]

Not integrable

Time = 9.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ 1 5 dr = / ! 5 dx
z3 (a + bsec (c + dz?)) z3 (a + bsec (c + dz?))

input LIntegrate [1/(x"3%(a + b*Sec[c + d*x~2])"2),x]

output LIntegrate [1/(x"3x(a + b*Sec[c + d*x~2])"2), x]

330. [ ! dz

23 (a+bsec(c+dz?))?
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3.30.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {4694}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 5 dz
z3 (a + bsec (¢ + dz?))
| 4694

j/ 1 5dx
z3 (a + bsec (¢ + dz?))

input LInt [1/(x"3*(a + b*Sec[c + d*x~2])"2),x]

~—

-

output | $Aborted

N\

i

3.30.3.1 Defintions of rubi rules used

rule 4694‘Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Sec[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

3.30.4 Maple [N/A] (verified)
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/ 5dx
x3(a + bsec (dx? + ¢))

-

input Lint (1/x73/ (a+bxsec (d*x~2+c)) ~2,x)

~—/

output Lint (1/x73/ (a+b*sec (d*x~2+c)) ~2,x)

~—

1
3.30. f z3(a+bsec(ct+dz?))? dz
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3.30.5 Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

/ ! 5 dT = / ! 5 dx
x3 (a + bsec (¢ + dz?)) (bsec (dz? + ¢) + a) x3

input Lintegrate (1/x73/ (atb*sec(d*x~2+c))~2,x, algorithm="fricas")

output‘integral(1/(b“2*x“3*sec(d*x‘2 + c)72 + 2%axbxx"3*sec(d*x”2 + c) + a"2%x"3)

» X)

3.30.6 Sympy [N/A]

Not integrable

Time = 1.38 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dr
z3 (a + bsec (c + dz?)) 23 (a + bsec (c + dz?))

inputLintegrate(1/x**3/(a+b*sec(d*x**2+c))**2,x)

outputLIntegral(l/(x**B*(a + brsec(c + d*x**2))**2), x)

3.30.7 Maxima [N/A]
Not integrable

Time = 5.74 (sec) , antiderivative size = 3521, normalized size of antiderivative = 195.61

/ L 5 dT = / L 5 dx
z3 (a + bsec (¢ + dz?)) (bsec (dx? +¢) + a)“z3

input Lintegrate (1/x73/ (at+b*sec(d*x~2+c)) "2,x, algorithm="maxima")

1
3.30. f z3(a+bsec(ct+dz?))? dz




output

input

output
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-1/2%((a~4 - a™2*%b"2)*d*x"2 + ((a”4 - a~2xb~2)*d*x"2*cos(2*c) - 2¥a~2xb~2*
sin(2#*c))*cos(2*xd*x~2) + ((a”4 - a~2*b~2)*d*x"2*cos (2*xd*x~2)*cos(2*c) + 2%
(a~3*b - axb~3)*d*x"2*cos(d*x"2)*cos(c) - (a"4 - a"2%b"2)*d*x"2*sin(2xd*x~
2)*sin(2*c) - 2x(a"3*b - a*b”3)*d*x"2*sin(d*x"2)*sin(c) + (a™4 - a~2%b"2)*
d*x~2) *cos (2*d*x"2 + 2xc) + 2x((a"3*b - a*b”~3)*d*x”"2 + ((a"3*b - a*xb”3)*d*
x"2%cos(2%c) - a*b~3*sin(2*c))*cos(2*d*x"2) + 2*x((a"2*b"2 - b~4)*d*x"2*cos
(c) - b 4*sin(c))*cos(d*x"2) - (a*b”3*cos(2*c) + (a~3*b - a*xb”3)*d*x"2*sin
(2*c) ) *sin(2*d*x"2) - 2x(b~4*cos(c) + (a~2*b~2 - b~4)*d*x"2*sin(c))*sin(d*
x"2))*cos(d*x"2 + c) + 2*x((a"3*b - a*b”3)*d*x"2*cos(c) - 2*a*b~3*sin(c))*c
os(d*x~2) - 2%(((a"6 - a~4*b~2)*cos(2*c)~2 + (a"6 - a~4*b~2)*sin(2*c) ~2)*d
*x~4xcos (2%d*x"2) "2 + 4*%((a~4*b"2 - a~2%b"4)*cos(c)"2 + (a~4*b"2 - a~2xb"4
Y*sin(c) ~2) *d*x"4*cos (d*x~2) "2 + 4*(a~5*b - a~3*b~3)*d*x"4*cos(d*x"2)*cos(
c) + ((a”6 - a"4*b"2)*cos(2*c)"2 + (a”6 - a"4*b~2)*sin(2+*c) ~2)*d*x"4*sin(2
*d*x72) "2 + 4% ((a"4*b"2 - a"2*b"4)*cos(c)"2 + (a"4*xb"2 - a"2*xb~4)*sin(c) "2
Y*kd*x"4*sin(d*x"2) "2 - 4x(a"5%b - a”~3*b”3)*d*x"4*sin(d*x"2)*sin(c) + (2”6
- a”4%b"2)*d*x"4 + 2*%(2*%((a"5*%b - a~3*b~3)*cos(2*xc)*cos(c) + (a~5%b - a~3*
b~3)*sin(2*c)*sin(c) ) *d*x"4*cos(d*x"2) + (a”6 - a~4*xb~2)*d*x"4*cos(2*c) +
2x((a~5*%b - a~3%b~3)*cos(c)*sin(2*c) - (a~b*b - a~3%b~3)*cos(2*c)*sin(c))*
d*x~4*sin(d*x~2))*cos (2*xd*x~2) - 2*(2x((a~5*%b - a~3*b~3)*cos(c)*sin(2*c) -
(a”5*b - a~3*b~3)*cos(2*c)*sin(c))*d*x"4*cos(d*x~2) - 2*((a~5*b - a~3*...

3.30.8 Giac [N/A]

Not integrable

Time = 1.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

1 1
do —
/ 23 (a + bsec (¢ + dz2))? ! / (bsec (dz? + ¢) + a)’x3

Lintegrate(1/x‘3/(a+b*sec(d*x‘2+c))“2,X, algorithm="giac")

p

integrate(1/((b*sec(d*x™2 + c) + a)~2*x"3), x)
1
3.30. f 23 (a+bsec(c+dz?))? dz
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3.30.9 Mupad [N/A]

Not integrable

Time = 13.85 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

1 1
/ 3 (a + bsec (c + dz?))? dz:/ b 7 4
v z? (CL + cos(dm2+c))

input Lint(l/(x"3*(a + b/cos(c + d*x~2))~2),x)

output Lint(l/(x"3*(a + b/cos(c + d*x~2))"2), x)

1
3.30. f z3(a+bsec(ct+dz?))? dz



CHAPTER 3. LISTING OF INTEGRALS 206

3.31 [z*(a+bsec (c+ dy/x)) dz

3.31.1 Optimal result . . . . . . .. . ... . 207
3.31.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 209
3.31.3 Rubi [A] (verified) . . . .. . ... ... 2101
3.31.4 Maple [F] . . . . o o o 212
3.31.5 Fricas [F] . . . . . o o 212
3.31.6 Sympy [F] . . . . . 212
3.31.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... 2131
3.31.8 Giac [F] . . . o o 213
3.31.9 Mupad [F(-1)] . . . . o o 214

3.31.  [a*(a+bsec(c+dyz)) dx
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3.31.1 Optimal result

Integrand size = 18, antiderivative size = 476

4 4ibz"/? arctan (ei(”dﬁ))

/x?’(a+bsec (c+dvz)) dz = ar _

4 d
144bz3 PolyLog (2, _iei(c+d\/5))
+ -
14ibx3 PolyLog (2, iei(c+dﬁ)>
d2
84bx5/? PolyLog (3, _iei(c+dﬁ))
d3
84b25/2 PolyLog <3, i ei(c—l—dﬁ))
+ —
420ibz? PolyLog (4, _Z-ez-(c+dﬁ)>
d4
420ibz? PolyLog <4, iei(c+m)>
+ =
1680bz°/2 PolyLog <5, _iei(c+d\/§)>
+ —
1680bz3/2 PolyLog <5, iei<c+dﬁ))
dd
5040:bx PolyLog (6, —iei(c+d\/5))
+ ~
5040ibz PolyLog (6, iei(c+d\/5)>
d6
10080b+/z PolyLog (7, _iei(c+dﬁ))
d7
10080b+/z PolyLog (7, Z'ez'(c—i-d\/a?))
+ -
10080ib PolyLog (8, _iei(0+d\/5)>
ds
10080ib PolyLog (8, jei(ctdva) )
+ ~

3.31.  [a*(a+bsec(c+dyz)) dx



output
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1/4%axx~4-10080*I*b*polylog(8,-I*exp (I*(c+d*x~(1/2))))/d~8-5040*I*b*x*poly

log(6,I*exp(I*(c+d*x~(1/2))))/d"6+14*I*b*x~3*polylog(2,-I*exp(I*(c+d*x~(1/
2))))/d"2-84*b*x~ (6/2) *polylog(3,-I*exp(I*(c+d*x~(1/2))))/d~3+84*bxx"(5/2)
*polylog(3, I*exp (I*(c+d*x~(1/2))))/d"3-4*I*b*x~(7/2)*arctan (exp (I*(c+d*x~(
1/2))))/d+10080*I*b*polylog(8, I*xexp (I*(c+d*x~(1/2))))/d~8+1680*b*x~(3/2) *p
olylog(5,-I*exp(I*(c+d*x~(1/2))))/d"5-1680*b*xx~(3/2)*polylog(5,I*exp (I*(c+
d*x~(1/2))))/d"5+5040*I*xb*x*polylog(6,-I*exp(I*(c+d*x~(1/2))))/d"6+420%I*b
*x~2%polylog(4,I*exp(I*(c+d*x~(1/2))))/d"4-420*I*b*x~2*polylog(4,-I*exp (I*
(c+d*x~(1/2))))/d"4-14*Ixb*x"3*polylog(2, I*exp (I*(c+d*x~(1/2))))/d~2-10080
*b*polylog(7,-I*exp(I*(c+d*x~(1/2))))*x"(1/2)/d"7+10080%b*polylog(7,I*exp(
Ix(c+d*x~(1/2))))*x~(1/2)/d~7

3.31.  [a*(a+bsec(c+dyz)) dx
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3.31.2 Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 479, normalized size of antiderivative = 1.01

ax®  4ibz"/? arctan (eicﬂ'dﬁ )

/x3(a—|-bsec (c—i—d\/ﬂ_v)) der = — —

4 d
14ibz3 PolyLog (2, _iei(c+d\/5))
+ -
14ibz? PolyLog (2, iei(c+dﬁ)>
d2
d3
84ba"/% PolyLog (3, i€l <c+d\/5>>
+ —
420ibz? PolyLog <4, _iei(c+d\/5)>
d4
420ibz? PolyLog (4, iei(c—i—dﬁ))
+ —
1680b2%/% PolyLog <5, _iei<c+dﬁ)>
+ —~
1680bz3/2 PolyLog <5, iei(c+d\/5))
dd
5040ibz PolyLog (6, _iei(c+d\/§))
+ —
5040ibz PolyLog (6, ie(=+4v*)
dé
10080b+/z PolyLog <7, _iei(c+d\/5)>
d7
10080b+/z PolyLog <7, z-ei(c+dﬁ)>
+ —
10080:b PolyLog (8, _iei<c+m>)
ds
10080:b PolyLog (8, jeilc+aVa) )
+ ~

3.31.  [a*(a+bsec(c+dyz)) dx
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input ‘ Integrate[x~3*(a + b*Sec[c + d*Sqrt[x]]),x]

output | (a*x~4)/4 - ((4*I)*bxx~(7/2)*ArcTan[E~(I*c + I*d*Sqrt[x]1)]1)/d + ((14*I)x*b*
x"3*PolyLog[2, (-I)#E~(I*(c + d*Sqrtl[x]))]1)/d"2 - ((14%I)*b*x~3*PolyLogl2,
I*E~(I*(c + d*Sqrt[x]))])/d"2 - (84*b*x~(5/2)*PolyLog[3, (-I)*E~(I*(c + d
*xSqrt [x]))])/d"3 + (84xbxx~(5/2)*PolyLog[3, I*E~(I*(c + d*Sqrt[x]))])/d"3
- ((420%I)*b*x~2*PolyLog[4, (-I)*E~(I*(c + d*Sqrtl[x]1))]1)/d~4 + ((420%I)*bx
x"2*%PolyLog[4, I*E~(I*(c + d*Sqrt[x]))]1)/d~4 + (1680*b*x~(3/2)*PolyLogl5,
(-I)*E~(I*(c + d*Sqrt[x]))])/d"5 - (1680*b*x~(3/2)*PolyLog[5, I*E~(I*(c +
d*Sqrt[x]))])/d"5 + ((5040%I)*b*x*PolyLogl[6, (-I)*E~(I*(c + d*Sqrt[x]1))]1)/
d~6 - ((5040%I)*bxx*PolyLog[6, I*E~(I*(c + d*Sqrt[x]))])/d~6 - (10080*b*Sq
rt [x]*PolyLog[7, (-I)*E~(I*(c + d*Sqrt[x]))1)/d"7 + (10080%*b*Sqrt [x]*PolyL
ogl7, I*E~(I*(c + d*Sqrt[x]1))]1)/d"7 - ((10080*I)*b*PolyLogl[8, (-I)*E~(I*(c
+ d*Sqrt[x]))]1)/d"8 + ((10080*I)*b*PolyLogl[8, I*E~(I*(c + d*Sqrtl[x]))])/d
-8

3.31.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 476, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Bumber of rules _ 177 Ryles used

' integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:3(a+bsec (c+dvz)) dx
l 2010

/ (ax3 + ba3 sec (c + d\/E)) dx

l 2009

3.31.  [a*(a+bsec(c+dyz)) dx
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az? 4ibx"/? arctan (6i(c+d‘/§)) 10080:b PolyLog ( eilc+dva) )
4 d N a8 +
10080ib PolyLog (8, iei<c+dﬁ>) 100806,/ PolyLog (7, —iei(=+4v?) )
d8 d7
10080b+/z PolyLog (7, ie"<c+d\/5)) 5040ibz PolyLog ( ei(ctdva) )
d’ + db
5040ibx PolyLog (6, ie“”dﬁ)) 1680bz3/2 PolyLog ( —jet(c+dva) )
ds t d5
1680b3/2 PolyLog (5, z'ei(0+dﬁ)) 420iba? PolyLog ( giletdyE) )
d® d4
420ibz” PolyLog (4, iei(c+d\/5)> 84b25/2 PolyLog (3 —iei(c+d\/5)>
d4 - B +
84bx°/2 PolyLog (3, iei(c“‘dﬁ)) 144bz> PolyLog ( —iet(ctdva) )
d3 + d2 -
144z PolyLog (2, z’ei(c+dﬁ))
22

p
input Int[x"3*(a + b*Sec[c + d*Sqrt[x]]),x]

output

,(a*x‘4)/4 - ((4*I)*b*x~(7/2) *ArcTan[E~ (I*(c + d*Sqrt[x]))])/d + ((14%I)*bx

x~3%PolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]))])/d~2 - ((14*I)*b*x~3*PolyLogl2,
I*E~(I*(c + d*Sqrt([x]))])/d"2 - (84*bxx~(5/2)*PolyLogl[3, (-I)*E~(I*(c + 4
*Sqrt[x]1))]1)/d"3 + (84*bxx~(5/2)*PolyLog[3, I*E~(I*(c + d*Sqrt([x]))])/d"3

- ((420*I)#*b*x~2xPolyLogl[4, (-I)*E~(I*(c + d*Sqrtl[x]))])/d"4 + ((420%I)x*b*
x~2%PolyLog[4, I*E~(I*(c + d*Sqrt[x]))1)/d~4 + (1680%b*x~(3/2)*PolyLogl5,

(-I)*E~(I*(c + d*Sqrt[x]))])/d"5 - (1680%*b*x~(3/2)*PolyLogl[5, I*E~(I*(c +

d*Sqrt[x]))])/d"5 + ((5040%I)*b*x*PolyLogl[6, (-I)*E~(I*(c + d*Sqrt[x]1))]1)/
d"6 - ((5040*I)*b*x*PolyLog[6, I*E~(I*(c + d*Sqrt[x]))])/d~6 - (10080%b*Sq
rt[x]*¥PolyLogl[7, (-I)*E~(I*(c + d*Sqrt[x]))]1)/d"7 + (10080%b*Sqrt [x]*PolyL
ogl7, I*E~(I*x(c + d*Sqrt[x]1))]1)/d"7 - ((10080*I)*b*PolyLog[8, (-I)*E~(I*(c
+ d*Sqrt[x]1))]1)/d~8 + ((10080*I)*b*PolyLog[8, I*E~(I*(c + d*Sqrt[x]))])/d
-8

3.31.  [a*(a+bsec(c+dyz)) dx
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3.31.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32010‘Int[(u_)*((c_.)*(x_))”(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.31.4 Maple [F]

/x3(a+bsec (c+d\/3_v)) dx

input Lint (x~3*(a+b*sec(c+d*x~(1/2))),x)

output Lint (x~3*(at+tb*sec(c+d*x~(1/2))),x)

3.31.5 Fricas [F]

/x3(a+bsec (c+dvz)) dxz/(bsec (dVz +c)+a)r’ds

inputtintegrate(x‘3*(a+b*sec(c+d*x‘(1/2))),x, algorithm="fricas")

output Lintegral(b*x‘lB*sec(d*sqrt(x) + c) + a*x”3, x)

3.31.6 Sympy [F]

/x3(a+bsec (c+dvz)) dx:/:c3(a+bsec (c+dvz)) dz

input Lintegrate (x**3* (a+bxsec (c+d*x**(1/2))) ,x)

output LIntegral(x**S*(a + b*sec(c + d*sqrt(x))), x)

3.31.  [a*(a+bsec(c+dyz)) dx
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3.31.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1512 vs. 2(352) = 704.

Time = 0.51 (sec) , antiderivative size = 1512, normalized size of antiderivative = 3.18

/ z3 (a + bsec (c + dﬁ)) dz = Too large to display

p
inputLintegrate(x“B*(a+b*sec(c+d*x“(1/2))),x, algorithm="maxima")

~—

output | 1/4*((d*sqrt(x) + c)"8%a - 8*(d*sqrt(x) + c) 7xa*c + 28*(d*sqrt(x) + c) 6%
a*xc™2 - 56*(d*sqrt(x) + c) b*a*c”3 + 70*(d*sqrt(x) + c) 4*a*xc”4 - 56x*(d*sq
rt(x) + c)”3*axc”5 + 28*%(d*sqrt(x) + c) 2*a*xc”6 - 8*(d*sqrt(x) + c)*axc”7
- 8*b*c~7*log(sec(d*sqrt(x) + c) + tan(d*sqrt(x) + c)) - 8*(Ix(d*sqrt(x) +
c)"7*b - TxI*(d*sqrt(x) + c) 6%bkc + 21xIx(d*sqrt(x) + c) 5*b*c™2 - 35xIx
(d*sqrt(x) + c) 4xb*c™3 + 35*xIx(d*sqrt(x) + c) 3*bxc™4 - 21xI*(d*sqrt(x) +
c)"2%b*c”5 + T*Ix(d*sqrt(x) + c)*b*c”6)*arctan2(cos(d*sqrt(x) + c), sin(d
*sqrt(x) + c) + 1) - 8% (Ix(d*sqrt(x) + c) 7xb - T*I*(d*sqrt(x) + c) 6*b*c
+ 21xI*(d*sqrt(x) + c) 5*b*c”™2 - 35xIx(d*sqrt(x) + c) 4xb*c”™3 + 35xIx(d*sq
rt(x) + c)"3*bxc™4 - 21*Ix(d*sqrt(x) + c) 2xbxc™5 + TxIx(d*sqrt(x) + c)x*b*
c”6)*arctan2(cos(d*sqrt(x) + c), -sin(d*sqrt(x) + c) + 1) - 56x(I*(d*sqrt(
X) + c)"6xb - 6*%Ix(d*sqrt(x) + c) 5xbxc + 15*%I*(d*sqrt(x) + c) 4*bxc™2 - 2
0*Ix(d*sqrt(x) + c)"3xb*c™3 + 15%xIx(d*sqrt(x) + c)~2xb*c™4 - 6*I*(d*sqrt(x
) + c)*b*c”5 + I*bxc~6)*dilog(I*e~ (I*d*sqrt(x) + I*c)) - 56x(-I*(d*sqrt(x)
+ c)"6xb + 6%Ix(d*sqrt(x) + c) bxb*c - 15*%I*(d*sqrt(x) + c) 4xbxc™2 + 20%
Ix(d*sqrt(x) + c) 3*bxc™3 - 15xI*(d*sqrt(x) + c) 2xb*c™4 + 6xI*(d*sqrt(x)
+ c)*bxc™5 - I*bxc”6)*dilog(-I*e” (I*d*sqrt(x) + Ixc)) + 4*((d*sqrt(x) + c)
“7¥b - 7x(d*sqrt(x) + c) 6*bxc + 21x(d*sqrt(x) + c) 5xbxc”2 - 35*(d*sqrt(x
) + c)"4xbxc”3 + 35*(d*sqrt(x) + c) 3*bkc~4 - 21*(d*sqrt(x) + c) 2%b*c”™5 +
7x(d*sqrt(x) + c)*bxc”6)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)...

3.31.8 Giac [F]

/z3(a+bsec (c+dvz)) dxz/(bsec (dvz +¢) +a)z’ dz

.
input‘integrate(x‘S*(a+b*sec(c+d*x‘(1/2))),x, algorithm="giac") ‘

output‘integrate((b*sec(d*sqrt(x) + ¢c) + a)*x"3, x) ‘

3.31.  [a*(a+bsec(c+dyz)) dx
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3.31.9 Mupad [F(-1)]

Timed out.

3 = [z3|a b T
/z (a+ bsec (c+dvz)) dx—/ ( +cos(c+d\/5)> d

input Lint(x‘s*(a + b/cos(c + d*x~(1/2))),x)

output Lint(x“B*(a + b/cos(c + d*x~(1/2))), x)

3.31.  [a*(a+bsec(c+dyz)) dx
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3.32 [z*(a+bsec (c+ dy/x)) dz

3.32.1 Optimalresult . . . . . . .. . ... 216
3.32.2 Mathematica [A] (verified) . . . . . .. ... .. .. oo 217
3.32.3 Rubi [A] (verified) . . . . . ... .. 218
3.324 Maple [F] . . . . . o 219
3.32.5 Fricas [F] . . . . . o o o 220
3.32.6 Sympy [F] . . . . . 220
3.32.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 2201
3.32.8 Giac [F] . . . . .o 221]
3.32.9 Mupad [F(-1)] . . . . o 222

3.32.  [a*(a+bsec(c+dyz)) dx
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3.32.1 Optimal result

Integrand size = 18, antiderivative size = 348

3 44bz5/? arctan (ei(c+dﬁ)>

/x2(a+bsec(c+d\/5)) dx:%_ -
10ibz? PolyLog (2, _iei(c+d¢5))
+ p
104bz? PolyLog (2, Z'ei(c-l—d\/i))
d2
40b2*/2 PolyLog <3’ _iei(c+dﬁ)>
d3
40bz*/* PolyLog (3, z‘ei<c+dﬁ>>
+ .
120ibz PolyLog (4, _iei(C+dﬁ)>
d4
120ibz PolyLog (4, iei(C+d\/5)>
+ _
240b+/z PolyLog (5, —z‘ei<0+dﬁ))
+ -
240b+/z PolyLog (5, il (c—i—dﬁ))
d5
240ib PolyLog (6, _iei<c+dﬁ)>
+ ~
240ib PolyLog (6, 'L‘ei(c+d\/5)>
d6

output | 1/3%a*x~3-4*I*b*x~(5/2)*arctan(exp(I*(c+d*x~(1/2))))/d+10*I*b*x~2*polylog(
2,-I*xexp(I*(c+d*x~(1/2))))/d"2-10*%I*b*x~2*polylog(2, I*exp (I*(c+d*x~(1/2)))
) /d"2-40%b*x~ (3/2) *polylog(3,-I*exp (I* (c+d*x~(1/2))))/d~3+40*b*x~ (3/2) *pol
ylog(3,I*exp(I*(c+d*x~(1/2))))/d~3-120*%I*b*x*polylog(4,-I*exp (I*(c+d*x~(1/
2))))/d"4+120*I*b*x*polylog (4, I*exp (I*(c+d*x~(1/2))))/d~4+240*I*b*polylog(
6,-I*exp(I*(c+d*x~(1/2))))/d"6-240%I*b*polylog(6,I*xexp (I*(c+d*x~(1/2))))/d
~6+240%b*polylog(5,-I*exp (I*(c+d*x~(1/2))))*x~(1/2)/d"5-240*%b*polylog(5,I*
exp (I*(c+d*x~(1/2))))*x~(1/2)/d"5

3.32.  [a*(a+bsec(c+dyz)) dx



CHAPTER 3. LISTING OF INTEGRALS 217

3.32.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 351, normalized size of antiderivative = 1.01

/ z2 (a + bsec (c + d\/g_;)) dr = %333 _ 43bx5/? arctzn (6ic+idﬁ)
104bz? PolyLog <2, _iei(c+dﬁ)>
+ p
10bz> PolyLog (2, iei(c+d\/5)>
d2
40ba/2 PolyLog (3, —iei(*4v®)
d3
40bz*/* PolyLog (3, z‘ei<c+dﬁ>>
+ ~
1207bx PolyLog (4, _iei(c+dﬁ)>
d4
120ibz PolyLog (4, iei(0+dﬁ)>
- -
240b+/z PolyLog (5, —iei(0+d\/5))
+ —
240b+/z PolyLog <5, iei(c+d\/5)>
d5
240ib PolyLog (6, _iei(c+dﬁ)>
+ >
240ib PolyLog (6, z‘ei(c+d\/5)>
d6

input LIntegrate [x~2x(a + bxSec[c + d*Sqrt[x]]),x]

3.32.  [a*(a+bsec(c+dyz)) dx



output
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/(a*x“3)/3 - ((4*I)*b*x~(5/2)*ArcTan[E~(I*c + I*d*Sqrt[x])])/d + ((10%I)*b*

x"2%PolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]1))])/d"2 - ((10*I)*b*x~2*PolyLog[2,
I*E~(I*(c + d*Sqrt[x]))]1)/d"2 - (40%b*x~(3/2)*PolyLog[3, (-I)*E~(I*(c + d
*Sqrt[x]))])/d"3 + (40*b*x~(3/2)*PolyLogl[3, I*E~(I*(c + d*Sqrt[x]))])/d"3
- ((120%I)*b*x*PolyLog[4, (-I)*E~(I*(c + d*Sqrtl[x]))])/d"4 + ((120%I)*b*x*
PolyLog[4, I*E~(I*(c + d*Sqrt[x]))]1)/d"4 + (240%bxSqrt[x]*PolyLog[5, (-I)*
E~(I*(c + d*Sqrt[x]1))])/d"5 - (240%b*Sqrt[x]*PolyLog[5, I*E~(I*(c + d*Sqrt
[x]1))1)/d°5 + ((240*I)*b*PolyLogl[6, (-I)*E~(I*(c + d*Sqrtl[x]1))1)/d"6 - ((2

40*I)*b*PolyLog[6, I*E~(I*(c + d*Sqrt[x]))])/d~6

3.32.3 Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 348, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ () 111, Rules used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/xQ(a+bsec (c+dvz)) dz

| 2010
/ (aa:z + bz? sec (c + d\/E)) dx
| 2009
agd  4ibz®/?arctan (ei(c+dx/5)> 240ib PolyLog <6, —iei(0+d\/5))
3 d T d6 -
240ib PolyLog (6, z‘e"(”dﬁ)) 240b/z PolyLog (5, —iei(c+dﬁ)>
6 + T _
240b+/z PolyLog (5, jel(ctdv) ) 120ibz PolyLog (4 _jeilctdva) )
5 - 4 +
d
120ibz PolyLog (4, iei(c+dx/5)) 40bz3/2 PolyLog ( el c+df))
_+_
d* d3
40bz3/2 PolyLog (3,iei(c+d‘/5)) 10ib2? PolyLog < —iet(ctdva) )
d3 T a2 -
10ibz2 PolyLog (2, jeiletdve ))
2

3.32.  [a*(a+bsec(c+dyz)) dx




CHAPTER 3. LISTING OF INTEGRALS

219

input ‘ Int[x"2%(a + b*Sec[c + d*Sqrt[x]]),x]

output | (a*xx~3)/3 - ((4*I)*bxx~(5/2)*ArcTan[E~(I*(c + d*Sqrt[x]1))]1)/d + ((10*I)*b*
x"2*PolyLog[2, (-I)*#E~(I*(c + d*Sqrtl[x]))]1)/d"2 - ((10%I)*b*x~2*PolyLogl2,
I*E~(I*(c + d*Sqrt[x]))])/d"2 - (40%b*x~(3/2)*PolyLog[3, (-I)*E~(I*(c + d
*xSqrt [x]1))])/d"3 + (40*bxx~(3/2)*PolyLog[3, I*E~(I*(c + d*Sqrt[x]))])/d"3
- ((120%I)*b*x*PolyLog[4, (-I)*E~(I*(c + d*Sqrt[x]))])/d~4 + ((120%I)x*b*x*
PolyLog[4, I*E~(I*(c + d*Sqrt[x]))]1)/d"4 + (240%b*Sqrt[x]*PolyLogl[5, (-I)*
E~(I*(c + d*Sqrt[x]))]1)/d"5 - (240%bx*Sqrt[x]*PolyLogl[5, I*E~(I*(c + d*Sqrt
[x]1))1)/d°5 + ((240%I)*b*PolyLogl[6, (-I)*E~(I*(c + d*Sqrt[x]))])/d"6 - ((2
40*I)*b*PolyLog[6, I*E~(I*(c + d*Sqrt[x]))])/d"6

3.32.3.1 Defintions of rubi rules used

e

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

A >

e

rule 2010 | Int [(u_)*((c_.)*(x_))~(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !LinearQ[u, x] && !MatchQ[u, (a_)

L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.32.4 Maple [F]

/mQ(a-l-bsec (c+d\/3_v)) dx

~

input ‘ int (x"2* (at+b*sec(c+d*x~(1/2))) ,x)

-

output Lint (x~2*(at+b*sec(c+d*x~(1/2))),x)

| —

3.32.  [a*(a+bsec(c+dyz)) dx
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3.32.5 Fricas [F]

/z2(a+bsec (c-l—d\/E)) dxz/(bsec (d\/a?—l-c) —|—a)$2dx

inputLintegrate(x“2*(a+b*sec(c+d*x‘(1/2))),x, algorithm="fricas")

~—

-

output

integral (bxx~2*sec(d*sqrt(x) + c) + a*x™2, x)

-

i

3.32.6 Sympy [F]

/w2(a+bsec (c+dvz)) da::/xz(a-l—bsec (c+dvz)) dz

input Lintegrate (x**2% (at+bxsec (c+d*x**(1/2))) ,x)

~—

-

output LIntegral(x**Q*(a + bksec(c + d*sqrt(x))), x)

-/

3.32.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 966 vs. 2(256) = 512.

Time = 0.47 (sec) , antiderivative size = 966, normalized size of antiderivative = 2.78

/ z*(a+ bsec (c+ dv/z)) dz = Too large to display

inputLintegrate(x‘2*(a+b*sec(c+d*x‘(1/2))),x, algorithm="maxima")

3.32.  [a*(a+bsec(c+dyz)) dx



output
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1/3%((d*sqrt (x) + c)”6*a - 6x(d*sqrt(x) + c) 5kaxc + 15%(d*sqrt(x) + c) 4x

axc™2 - 20x(d*sqrt(x) + c) 3%a*c”3 + 15x(d*sqrt(x) + c) 2xaxc™4 - 6x(d*sqr
t(x) + c)*a*c”5 - 6+bxc”b*log(sec(d*sqrt(x) + c) + tan(d*sqrt(x) + c)) - 6
*(Ix(d*sqrt(x) + c)~b*b — B*xI*(d*sqrt(x) + c) 4*xbxc + 10*I*(d*sqrt(x) + c)
“3%b*c”2 - 10%I*(d*sqrt(x) + c) 2%b*c~3 + b*I*(d*sqrt(x) + c)*b*c~4)*arcta
n2(cos(d*sqrt(x) + c), sin(d*sqrt(x) + c) + 1) - 6x(I*(d*sqrt(x) + c)~5*b
- b*Ix(d*sqrt(x) + c) 4xb*c + 10*Ix(d*sqrt(x) + c) " 3xb*c™2 - 10*I*(d*sqrt(
X) + c)”"2xb*c”3 + b5xI*(d*sqrt(x) + c)*b*c~4)*arctan2(cos(d*sqrt(x) + c), -
sin(d*sqrt(x) + c) + 1) - 30%(I*(d*sqrt(x) + c)~4*b - 4xIx(d*sqrt(x) + c)~
3*b*c + 6*xI*(d*sqrt(x) + c) 2xb*c™2 - 4*xI*x(d*sqrt(x) + c)*bxc™3 + Ixbxc~4)
*dilog(I*e” (I*d*sqrt(x) + Ixc)) - 30%(-Ix(d*sqrt(x) + c) 4*b + 4xIx(d*sqrt
(x) + c)"3*b*c - 6xI*(d*sqrt(x) + c) 2%b*c™2 + 4*Ix(d*ksqrt(x) + c)*bxc™3 -
I*b*c™4)*dilog(-I*e” (Ixd*sqrt(x) + I*c)) + 3*x((d*sqrt(x) + c) bxb - 5x(d*
sqrt(x) + c) 4*bxc + 10*(d*sqrt(x) + c) 3*b*c™2 - 10*(d*sqrt(x) + c) " 2xb*c
~3 + bx(d*sqrt(x) + c)*bxc~4)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c
)72 + 2xsin(d*sqrt(x) + c) + 1) - 3*((d*sqrt(x) + c)~5xb - 5*(d*sqrt(x) +
c) “4xb*c + 10*(d*sqrt(x) + c) 3*bxc™2 - 10*(d*sqrt(x) + c) 2*b*c~3 + 5x(d*
sqrt(x) + c)*bxc~4)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 - 2%si
n(d*sqrt(x) + c) + 1) - 720*I*b*polylog(6, Ixe”(I*d*sqrt(x) + I*c)) + 720%
Ixb*polylog(6, -Ixe”(I*d*sqrt(x) + I*c)) - 720%((d*sqrt(x) + c)*b - bxc...

-

3.32.8 Giac [F]

/zz(a-l-bsec (c+dvz)) dacz/(bsec (dVz +c) +a)r’ds

inputLintegrate(x‘2*(a+b*sec(c+d*x‘(1/2))),X, algorithm="giac")

output

N

-/

integrate((b*sec(d*sqrt(x) + c) + a)*x"2, x)

_

3.32.  [a*(a+bsec(c+dyz)) dx
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3.32.9 Mupad [F(-1)]

Timed out.

2 = [z?|a b T
/z (a+ bsec (c+dvz)) dx—/ ( +cos(c+d\/5)> d

input Lint(x‘2*(a + b/cos(c + d*x~(1/2))),x)

output Lint(x“2*(a + b/cos(c + d*x~(1/2))), x)

3.32.  [a*(a+bsec(c+dyz)) dx
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3.33 [z(a+bsec(c+dyx)) dz

3.33.1 Optimal result . . . . .. ... ... ... 223]
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... L oo 227
3.33.3 Rubi [A] (verified) . . . . . ... .. 224
3.334 Maple [F] . . . . . . 220
3.33.5 Fricas [F] . . . . . o o o 226
3.33.6 Sympy [F] . . . . . 220
3.33.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 227
3.33.8 Giac [F] . . . . . o 227
3.33.9 Mupad [F(-1)] . . . . o 228

3.33.1 Optimal result

Integrand size = 16, antiderivative size = 220

ap? 4ibz*? arctan (ei(chdﬁ))
/x(a+bsec(c+d\/5)) do=" - -
6ibx PolyLog (2, —iei(”dﬁ))
2
6ibz PolyLog (2, z'ei(”d\/a)
2
12b+/Z PolyLog (3, —iei(c+dﬁ>>
B
12b+/z PolyLog (3, z’e"(‘”'d‘/@)
pE
12ib PolyLog (4, —ie"(chdﬁ))
p7
12ib PolyLog (4, z'ei<c+dﬁ>>
p7

+

_|_

+

output | 1/2%a*x~2-4*I*b*x~(3/2)*arctan(exp (I*(c+d*x~(1/2))))/d+6xIxbxx*polylog(2,-
Ixexp(I*(c+d*x~(1/2))))/d"2-6*I*b*x*polylog(2,I*exp (I*(c+d*x~(1/2))))/d"~2-
12%I*b*polylog(4,-I*exp(I*(c+d*x~(1/2))))/d~4+12xI*b*polylog(4,I*exp(I*(c+
d*x~(1/2))))/d"~4-12xb*polylog(3,-I*exp (I*(c+d*x~(1/2))))*x"~(1/2)/d"3+12*b*
polylog(3,I*xexp(I*(c+d*x~(1/2))))*x"(1/2)/d"3

3.33. [z(a+bsec(c+dyx)) dz
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3.33.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.01

/w(a + bsec (c+ dv/z)) dr = %’CQ _ 4ibz3/? arctg;n (efetidvE)
6¢bz PolyLog <2, _iei(C+dﬁ)>
+ "
6ibz PolyLog (2, iei(c+d\/§)>
d2
12by/ PolyLog (3, —iei(*+v2)
d3
12by/3 PolyLog (3, ie’(*+4v2)
+ ~
12ib PolyLog <4, _iei(c+dﬁ)>
d4
12ib PolyLog (4, iei(C+dﬁ)>
+ ~

input‘Integrate[x*(a + b*Sec[c + d*Sqrt[x]]),x]

output | (a*x~2)/2 - ((4*I)*b*x~(3/2)*ArcTan[E~(I*c + I*d*Sqrt([x])])/d + ((6*I)*b*x
*PolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]1))1)/d"2 - ((6%I)*b*x*PolyLogl[2, I*E"(
Ix(c + d*Sqrt[x]))]1)/d"2 - (12%b*Sqrt[x]*PolyLog[3, (-I)*E~(I*(c + d*Sqrtl[
x1))1)/d"3 + (12*b*Sqrt [x]*PolyLog[3, I*E~(I*(c + d*Sqrt[x]1))])/d"3 - ((12
*1)*b*PolyLog[4, (-I)*E~(I*(c + d*Sqrt[x]))]1)/d~4 + ((12*I)*b*PolyLogl[4, I
*E~(I*(c + d*Sqrt[x]))])/d"4

3.33.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used

integrand size
= {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.33. [z(a+bsec(c+dyx)) dz
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/x(a+bsec (c+d\/5)) dx

l 2010
/ (az + bz sec (¢ + dv/x)) dz

l 2009

ag? 4ibz’/? arctan (e"(”dﬁ)) 12ib PolyLog (4, —iei(c+dﬁ>>

5 J - 7 -

124b PolyLog (4, z‘e"<c+dﬁ>) 12b+/z PolyLog (3, —z‘ez‘(c+dﬁ>>
d4 - 43 +
12by/z PolyLog (3, iei(c+d«/5)) 6ibz PolyLog (2, _iei(c+dﬁ>) 6ibz PolyLog (2, iei(c+dﬁ))
+ _
d3 d2 2

-

input LInt [x*(a + bxSec[c + d*Sqrt[x]]),x]

~—

output | (a*x~2)/2 - ((4*I)*b*x~(3/2)*ArcTan[E~(I*(c + d*Sqrt[x]))]1)/d + ((6*I)*b*x
*PolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]))])/d"2 - ((6%I)*b*x*PolyLogl[2, I*E~(
Ix(c + d*Sqrt[x]))1)/d"2 - (12%b*Sqrt[x]*PolyLog[3, (-I)*E~(I*(c + d*Sqrt[
x]1))1)/d"3 + (12xb*Sqrt [x]*PolyLog[3, I*E~(I*(c + d*Sqrt[x]))])/d~3 - ((12
*1)*xbxPolyLog[4, (-I)*E~(Ix(c + d*Sqrt[x]))])/d"4 + ((12*I)*b*PolyLogl[4, I
*E~(Ix(c + d*Sqrt[x]))])/d"4

3.33.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] &% SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

3.33. [z(a+bsec(c+dyx)) dz
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3.33.4 Maple [F]

/x(a+bsec (c+dv/z))dz

input Lint (x* (a+b*sec (c+d*x~(1/2))) ,x)

output Lint (x* (atb*sec(c+d*x~(1/2))),x)

3.33.5 Fricas [F]

/x(a+bsec (c+dvz)) dx=/(bsec (dVz +c)+a)rde

inputLintegrate(x*(a+b*sec(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(b*x*sec(d*sqrt(x) + c) + a*x, Xx)

3.33.6 Sympy [F]

/:v(a+bsec (c+d\/§)) d:v=/m(a—|—bsec (c—l—d\/a_c)) dx

inputLintegrate(x*(a+b*sec(c+d*x**(1/2))),X)

output LIntegral(x*(a + bksec(c + d*sqrt(x))), x)

3.33. [z(a+bsec(c+dyx)) dz
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3.33.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 540 vs. 2(160) = 320.

Time = 0.41 (sec) , antiderivative size = 540, normalized size of antiderivative = 2.45

/x(a+bsec (c+dvz)) dz
(dvz + c)4a —4(dyz + c)3ac + 6 (dy/z + c)2a02 — 4 (dy/z + ¢)ac® — 4bc? log (sec (dy/z + ¢) + tan (d

inputLintegrate(x*(a+b*sec(c+d*x‘(1/2))),x, algorithm="maxima") J

output | 1/2*%((d*sqrt(x) + c)"4xa - 4x(d*sqrt(x) + c) 3*xaxc + 6x(d*sqrt(x) + c) 2*a
*c™2 - 4x(d*sqrt(x) + c)*a*c”3 - 4*b*c”3xlog(sec(d*sqrt(x) + c) + tan(d*sq
rt(x) + c)) - 4x(I*(d*sqrt(x) + c)~3*b - 3*I*(d*sqrt(x) + c) 2xbxc + 3*Ix(
d*sqrt(x) + c)*bxc”~2)*arctan2(cos(d*sqrt(x) + c), sin(d*sqrt(x) + c) + 1)
- 4x(I*x(d*sqrt(x) + c)~3%b - 3*Ix(d*sqrt(x) + c) 2*b*c + 3*I*(d*sqrt(x) +
c)*bxc~2)*arctan2(cos (d*sqrt(x) + c), -sin(d*sqrt(x) + c) + 1) - 12%(Ix(d*
sqrt(x) + c)"2*%b - 2*I*(d*sqrt(x) + c)*b*c + I*b*c™2)*dilog(I*e” (I*d*sqrt(
x) + I*c)) - 12x(-Ix(d*sqrt(x) + c)"2xb + 2xIx(d*sqrt(x) + c)*bxc - Ixbxc~
2)*dilog(-I*e~ (I*d*sqrt(x) + I*c)) + 2*x((d*sqrt(x) + c)~3*b - 3*(d*sqrt(x)

+ c)"2xb*c + 3x(d*sqrt(x) + c)*bxc”2)*log(cos(d*sqrt(x) + c)~2 + sin(d*sq
rt(x) + c)”2 + 2*sin(d*sqrt(x) + c) + 1) - 2%((d*sqrt(x) + c)~3xb - 3*(d*s
qrt(x) + c)"2*b*c + 3*(d*sqrt(x) + c)*bxc~2)*log(cos(d*sqrt(x) + c)~2 + si
n(d*sqrt(x) + c)~2 - 2*sin(d*sqrt(x) + c) + 1) + 24xI*b*polylog(4, I*e” (Ix*
d*sqrt(x) + Ixc)) - 24xI*bxpolylog(4, -Ixe” (I*d*sqrt(x) + Ixc)) + 24x((dxs
qrt(x) + c)*b - b*c)*polylog(3, I*e” (I*d*sqrt(x) + Ixc)) - 24*((d*sqrt(x)
+ c)*b - b¥c)*polylog(3, -Ike~(I*d*sqrt(x) + I*c)))/d"4

3.33.8 Giac [F]

/x(a+bsec (c+dvz)) dx:/(bsec (dvz +c¢) +a)zdz

e hY

integrate (x*(at+b*sec(c+d*x~(1/2))),x, algorithm="giac")

N J

input

output‘integrate((b*sec(d*sqrt(x) + c) + a)*x, x) ‘

3.33. [z(a+bsec(c+dyx)) dz
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3.33.9 Mupad [F(-1)]

Timed out.

b
/x(a—l—bsec(c—i—d\/E)) dw:/x<a+cos(c+d\/5)) dx

input Lint(x*(a + b/cos(c + d*x~(1/2))),x)

output Lint(x*(a + b/cos(c + d*x~(1/2))), x)

3.33. [z(a+bsec(c+dyx)) dz
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3.34 f a+bsec(c+dy/z) dr

X
3.34.1 Optimal result . . . . . . . . . . ... 229
3.34.2 Mathematica [N/A] . . . . ... . . 229
3.34.3 Rubi [N/A] . . . . 230
3.34.4 Maple [N/A] (verified) . . . . . . . ... .. 2311
3.34.5 Fricas [N/A] . . . . . 231
3.34.6 Sympy [N/A] . . . . e 231]
3.34.7 Maxima [N/A] . . . . . . 232
3.34.8 Giac [N/A] . . . . o 2321
3.34.9 Mupad [N/A] . . ..

3.34.1 Optimal result

Integrand size = 18, antiderivative size = 18

/G+bS€C (C+d\/5) dr = alog(m) + bInt (M,x>

X

e

output La*ln (x)+bxUnintegrable(sec(c+d*x~(1/2)) /x,x)

~—

3.34.2 Mathematica [N/A]
Not integrable

Time = 3.04 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—bsec(c-l—d\/i)d /a—l—bsec(c—l—dﬁ)d
T = T

T T

-

input LIntegrate [(a + b*Sec[c + d*Sqrt[x]])/x,x]

-/

output LIntegrate [(a + b*Sec[c + d*Sqrt[x]1])/x, x]

~—

334, [ otbeecletdds) g,
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3.34.3 Rubi [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a-l—bsec (c+dy/x) p
T

x

l'2010

/ (Z N bsec (c;—dﬁ)) e

| 2009
b/ sec (c—;dﬁ)

dz + alog(z)

input LInt [(a + b*Sec[c + d*Sqrt[x]])/x,x] J

$Aborted

N\ J

output

3.34.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

N

334, [ otbsecletdvs) g

x
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3.34.4 Maple [N/A] (verified)

Not integrable

Time = 0.53 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a—l—bsec(c—l—d\/:?)d
T

T

input Lint ((atb*sec(c+d*x~(1/2))) /x,x)

output ‘ int ((a+b*sec(c+d*x~(1/2)))/x,x)

3.34.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dx

/a+bsec(c+d\/5) dx_/bsec(d\/i+c)+a

Z T

input Lintegrate ((at+b*sec(c+d*x~(1/2)))/x,x, algorithm="fricas")

output Lintegral((b*sec(d*sqrt(x) +c) +a)/x, x)

3.34.6 Sympy [N/A]
Not integrable

Time = 1.61 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

T T

/a-l—bsec(c-l—d\/i) x:/a—i-bsec(c—i-dﬁ) e

input tintegrate ((at+b*sec(c+d*x**(1/2)))/x,x)

output LIntegral((a + bksec(c + d*sqrt(x)))/x, x)

334, [ otbeecletdds) g,
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3.34.7 Maxima [N/A]
Not integrable
Time = 0.67 (sec) , antiderivative size = 106, normalized size of antiderivative = 5.89

/a-l—bsec(c-l—d\/g_v)d /bsec(d\/i—l—c)-l—ad
T = T

T T

inputLintegrate((a+b*sec(c+d*x‘(1/2)))/x,x, algorithm="maxima")

output‘2*b*integrate((cos(2*d*sqrt(x) + 2xc)*cos(d*sqrt(x) + c) + sin(2*xd*sqrt(x)
‘ + 2xc)*sin(d*sqrt(x) + c) + cos(d*sqrt(x) + c))/((cos(2*d*sqrt(x) + 2*c)~
‘2 + sin(2xd*sqrt(x) + 2*c)~2 + 2*cos(2*d*sqrt(x) + 2%c) + 1)*x), x) + axlo

Lg(x)

|

3.34.8 Giac [N/A]

Not integrable
Time = 0.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+bsec(c+d\/§) dxz/bsec(d\/ﬂ_v+c)+ad

Z T

X

inputLintegrate((a+b*sec(c+d*x‘(1/2)))/x,x, algorithm="giac")

-

outputtintegrate((b*sec(d*sqrt(x) +c) + a)/x, x)

e—

3.34.9 Mupad [N/A]

Not integrable

Time = 13.80 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bsec(c+d\/g_v) dz:/a—kmdag

T T

inputtint((a + b/cos(c + d*x~(1/2)))/x,x)

—

output Lint((a + b/cos(c + d*x~(1/2)))/x, x)

334, [ otbsecletdvs) g

x
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3.35 f a+bsec(c+dy/z) dr

2
3.35.1 Optimal result . . . . . . . . . . ... .. 233]
3.35.2 Mathematica [N/A] . . . . ... .. . 233
3.35.3 Rubi [N/A] . . . oo 234
3.35.4 Maple [N/A] (verified) . . . . . . . . ... . 2351
3.35.5 Fricas [N/A] . . . . . . 235
3.35.6 Sympy [N/A] . . . . 235
3.35.7 Maxima [N/A] . . . . . . e
3.35.8 Giac [N/A] . . . . o o 2361
3.35.9 Mupad [N/A] . . . . . 230

3.35.1 Optimal result

Integrand size = 18, antiderivative size = 18

2 x2

/a+bsec (c+dy/z)

d

e

output L—a/x+b*Unintegrable (sec(c+d*x~(1/2))/x"2,x)

~—

3.35.2 Mathematica [N/A]
Not integrable

Time = 12.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/a-l—bsec(c—i—d\/i) dw:/a—l-bsec(c—l-d\/i)

2 2

-

input LIntegrate [(a + b*Sec[c + d*Sqrt[x]]1)/x"2,x]

-/

output LIntegrate [(a + b*Sec[c + d*Sqrt[x]])/x~2, x]

~—

3.35. [ atbeecletdvs) gy

2



input LInt [(a + b*Sec[c + d*Sqrt[x]])/x"2,x]
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3.35.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {2010,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a+ bsec (¢ + dy/z)
y/‘ 22 dx
| 2010
/ <a2+ bsec (c-;—dﬁ)) e
z z
| 2009
b/sec(c-l—zd\/i)dm_a
z x

$Aborted

N\ J

3.35.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2010‘Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]

, x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] J

3.35. [ atbeecletdvs) gy

2
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3.35.4 Maple [N/A] (verified)

Not integrable

Time = 0.53 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a—l—bsec (c+dy/z)

x2

dz

input Lint ((atb*sec(c+d*x~(1/2)))/x"2,x)

output ‘ int ((a+b*sec(c+d*x~(1/2)))/x~2,x)

3.35.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dx

/a+bsec(c+d\/5) dxz/bsec(d\/i+c)+a

2 x2

inputLintegrate((a+b*sec(c+d*x“(1/2)))/x“2,x, algorithm="fricas")

outputLintegral((b*sec(d*sqrt(x) +c) + a)/x"2, x)

3.35.6 Sympy [N/A]
Not integrable

Time = 1.28 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dz

/a-l—bsec(c-l—d\/i) x:/a—i-bsec(c—i-dﬁ)

2 x2

inputtintegrate((a+b*sec(c+d*x**(1/2)))/x**2,x)

output LIntegral((a + b*sec(c + d*sqrt(x)))/x**2, x)

3.35. [ atbeecletdvs) gy

2
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3.35.7 Maxima [N/A]
Not integrable
Time = 0.70 (sec) , antiderivative size = 110, normalized size of antiderivative = 6.11

/a-l—bsec(c-l—d\/g_v)d /bsec(d\/i—l—c)-l—ad
T = T

T2 z2

input Lintegrate ((at+bxsec(c+d*x~(1/2)))/x"2,x, algorithm="maxima")

output‘(2*b*x*integrate((cos(2*d*sqrt(x) + 2xc)*cos(d*sqrt(x) + c) + sin(2*d*sqrt
‘(x) + 2xc)*sin(d*sqrt(x) + c) + cos(d*sqrt(x) + c))/((cos(2xd*sqrt(x) + 2%
‘c)“2 + sin(2*d*sqrt(x) + 2%c)72 + 2xcos(2xd*sqrt(x) + 2%c) + 1)*x"2), x) -
L a)/x

|

3.35.8 Giac [N/A]

Not integrable
Time = 0.36 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+bsec(c+d\/§) dxz/bsec(d\/ﬂ_v+c)+ad

2 z2

X

inputLintegrate((a+b*sec(c+d*x‘(1/2)))/x“2,x, algorithm="giac")

-

outputtintegrate((b*sec(d*sqrt(x) +c) +a)/x"2, x)

e—

3.35.9 Mupad [N/A]

Not integrable

Time = 13.75 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

b
a+ bsec (¢ + dy/z) @+ oslerdva)
[ortelorasd), _ (ot i,

T z2

inputtint((a + b/cos(c + d*x~(1/2)))/x"2,x)

—

output Lint((a + b/cos(c + d*x~(1/2)))/x"2, x)

3.35. [ atbeecletdvs) gy

2
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3.36 [ 23(a+bsec (c+dyz))” da

3.36.1 Optimalresult . . .. ... ... . ... .. .. ..
3.36.2 Mathematica [A] (verified) . . . . . . ... .. ..o
3.36.3 Rubi [A] (verified) . . . ... ... ...
3.36.4 Maple [F] . . . . . . o
3.36.5 Fricas [F] . . . . . . . o
3.36.6 Sympy [F] . . . . .
3.36.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3.36.8 Giac [F] . . . . . .
3.36.9 Mupad [F(-1)] . . . . . oo
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3.36.1 Optimal result

Integrand size = 20, antiderivative size = 749

2ib2zT2  g2g4  Siabz”/?arctan <ei(c+dﬁ)>

2
/z3(a+bsec(c+d\/5)) dr = y + - )
14b21173 log <1 + eQi(c+d\/5))
+ 7
28iabz® PolyLog (2, _iei(c+dﬁ)>
+ -
28iabz3 PolyLog <2, iei(c+d\/§)>
d2
42ib%z5/? PolyLog (2, _e2i<c+dﬁ)>
B
168abz®/? PolyLog <37 _iei(c+d\/5)>
3
168abz®/? PolyLog (3, ,L'ez'(c—f-d\/i))
+ =
1056?22 PolyLog (3, _ 62i(c+dﬁ)>
+ 7
840iabz? PolyLog (4, _,l'ei(c-l—d\/g?))
da
840iabz? PolyLog (47 iei(c+d\/§))
+ T
210ib%2%/2 PolyLog (4, _e2i<c+dﬁ)>
+ y
3360abz®/2 PolyLog (5, _iei(c+d\/5)>
+ 5
3360abz®/? PolyLog <5, iei(c+dﬁ)>
5
31562z PolyLog (5, _ezi(c+dﬁ))
6
10080zabx PolyLog (6, —iei(0+d\/5))
+ %
10080iabz PolyLog (6, ie(=+4) )
46
b2 2i(ct+dy/x
3.36. f$3(a+bsec (C+d\/5))2 do— ks y

20160aby/Z PolyLog (7, —iei(ctdva) )
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output | 210%I*b~2*x~(3/2)*polylog(4,-exp(2*I*(c+d*x~(1/2))))/d~5+315/2xb"2*polylog
(7,-exp(2*Ix(c+d*x~(1/2))))/d"8+28*I*a*b*x~3*polylog(2,-I*exp (I*(c+d*x~(1/
2))))/d"2+840*I*a*b*xx”2*xpolylog (4, I*xexp(I*(c+d*x~(1/2))))/d"4+10080*I*axb*
x*polylog(6,-I*exp(I*(c+d*x~(1/2))))/d"6-8*I*a*b*x~(7/2)*arctan(exp(I*(c+d
*x~(1/2))))/d-28*I*axb*x~3*polylog(2,I*exp (I*(c+d*x~(1/2))))/d"2-840*I*a*b
*x~2*polylog(4,-I*exp(I*(c+d*x~(1/2))))/d"4-10080*I*a*b*x*polylog(6,I*exp(
I*x(c+d*x~(1/2))))/d"6+1/4*a"2*x~4+3360*axb*x~(3/2) *polylog(5,-I*exp(I*(c+d
*x~(1/2))))/d"5-3360*a*b*x~ (3/2) *polylog(5,I*exp (I*(c+d*x~(1/2))))/d~5-201
60*axbxpolylog(7,-I*exp (I*(c+d*x~(1/2))))*x~(1/2)/d"7+20160*a*b*polylog(7,
Ixexp(I*(c+d*x~(1/2))))*x~(1/2)/d"7-168%a*b*x~ (5/2) *polylog(3,-I*exp (I*(c+
d*x~(1/2))))/d"3+168*ax*b*x~ (5/2) *polylog (3, I*exp (I*(c+d*x~(1/2))))/d~3-42%
I*b~2*x~(5/2) *polylog(2,-exp (2*I* (c+d*x~(1/2))))/d"3-20160*I*a*xb*polylog(8
,~Ixexp(I*(c+d*x~(1/2))))/d"8-315*xI*b~2*polylog(6,-exp (2*I*(c+d*x~(1/2))))
*x” (1/2) /4" 7+14xb"2xx"3*1n (1+exp (2*I* (c+d*x~(1/2)))) /d~2+105%b~2*x~2*polyl
0g(3,-exp(2*I*(c+d*x~(1/2))))/d"4-315%b~2*x*polylog(5,-exp (2*I* (c+d*x~(1/2
))))/d"6+2%b"2%x" (7/2) *tan(c+d*x~(1/2) ) /d-2*I*b~2*x~(7/2) /d+20160* I *a*b*po
lylog(8,I*exp(I*(c+d*x~(1/2))))/d"8

3.36.2 Mathematica [A] (verified)

Time = 2.15 (sec) , antiderivative size = 739, normalized size of antiderivative = 0.99

/x3(a + bsec (c+ d\/a_c))2 dz
—8ib?d"x"/? + a?d®z* — 32iabd"z"/? arctan (ei(”dﬁ)) + 56b2d°z3 log (1 + ezz'(chdﬁ)) + 112iabd®z3 Pol

input’Integrate[x*S*(a + b*Sec[c + d*Sqrt[x]1]1)~2,x]

3.36.  [z®(a+bsec(c+ d\/f))2 dz
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output | ((-8%I)*b~2xd"7*x~(7/2) + a~2xd"8*x"4 - (32xI)*axbxd~7*x"(7/2)*ArcTan[E~ (I
*(c + d*Sqrt[x]))] + 56%b~2*d"6*x"3*Log[l + E~((2*I)*(c + d*Sqrt[x]))] + (
112*I)*a*bxd~6+x"3*PolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]))] - (112%I)*axb*d”
6*xx~3*PolyLog[2, I*E~(I*(c + d*Sqrt[x]))] - (168xI)*b~2xd~5*x~(5/2)*PolyLo
gl2, -E~((2*I)*(c + d*Sqrt[x]))] - 672xaxb*d~5*x~(5/2)*PolyLogl[3, (-I)*E~(
Ix(c + d*Sqrt[x]))] + 672xa*b*d~5*x~(5/2)*PolyLog[3, I*E~(I*(c + d*Sqrt[x]
))] + 420%b~2%d"4*x"2%PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))] - (3360%I)*ax*
b*d~4*x~2%PolyLog[4, (-I)*E~(I*(c + d*Sqrt[x]))] + (3360+*I)*axb*d~4*x"2*Po
lyLogl[4, I*E~(I*(c + d*Sqrt[x]))] + (840%I)*b~2xd~3%x~(3/2)*PolyLogl4, -E~
((2xI)*(c + d*Sqrt[x]1))] + 13440*axbxd~3xx~(3/2)*PolyLogl[5, (-I)*E~(I*(c +
d*Sqrt[x]))] - 13440%axb*d~3*x~(3/2)*PolyLog[5, I*E~(I*(c + d*Sqrt[x]))]
- 1260*b~2+d"2*x*PolyLog[5, -E~((2*I)*(c + d*Sqrt[x]))] + (40320%I)*axbxd"
2xxxPolyLog[6, (-I)*E~(Ix(c + d*Sqrt[x]))] - (40320%*I)*a*b*d~2*x*PolyLog[6
, I¥E7(I*(c + d*Sqrt[x]))] - (1260%I)*b~2*d*Sqrt[x]*PolyLogl[6, —E~((2*I)=*(
c + d*Sqrt[x]))] - 80640*axbxd*Sqrt[x]*PolyLogl[7, (-I)*E~(I*(c + d*Sqrt[x]
))] + 80640*a*bxd*Sqrt [x]*PolyLogl[7, I*E~(I*(c + d*Sqrt[x]))] + 630*b~2*Po
lyLogl[7, -E~((2*I)*(c + d*Sqrt[x]))] - (80640%I)*axb*PolyLog[8, (-I)*E~(I*
(c + d*Sqrt[x]))] + (80640%I)*axb*PolyLog[8, I*E~(I*(c + d*Sqrt[x]))] + 8%
b~2xd"7*x~(7/2)*Tan[c + d*Sqrt[x]])/(4*d"8)

3.36.3 Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 756, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, number of rules _ 0.200, Rules used

integrand size
= {4692, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w3(a+bsec (c+dva))? da
| 4692
2/x7/2(a+bsec (c+dva))’ dva
| 3042
2/x7/2(a+bcsc <c+d\/5+g>)2d\/§
| 4678

2/ <a2x7/2 + b?sec? (c + dv/z) z7/? + 2absec (c+ dvz) w7/2> dvx

3.36.  [z®(a+bsec(c+ d\/f))2 dz
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l 2009

<a2 ol 4iabx"/? arctan (ei(c"'dﬁ)) 10080iab PolyLog (8, —iei(c"'dﬁ)) 10080iab PolyLog (8, iei(c"'dﬁ):
2

g d - & + &

-

inputLInt[x‘B*(a + bxSec[c + d*Sqrt[x]]1)~2,x]

~—

output | 2% (((-I)*b~2*x~(7/2))/d + (a~2*x"4)/8 - ((4*I)*axb*x~(7/2)*ArcTan[E~(I*(c
+ d*Sqrt[x]))])/d + (7*b~2*x"3*Logl[l + E~((2*I)*(c + d*Sqrt[x]))]1)/d"2 + (
(14%I)*axb*x~3*PolyLog[2, (-I)*E~(I*(c + d*Sqrtl[x]))])/d"2 - ((14*I)*a*b*x
~3%PolyLog[2, I*E~(I*(c + d*Sqrt[x]))]1)/d~2 - ((21*I)*b~2xx~(5/2)*PolyLogl
2, -E7((2%I)*(c + d*Sqrt([x]))])/d"3 - (84*axb*x~(5/2)*PolyLog[3, (-I)*E~(I
*(c + d*Sqrt[x]1))]1)/d"3 + (84*axb*x~(5/2)*PolyLogl[3, I*E~(I*(c + d*Sqrt[x]
))1)/d"3 + (105%b~2*x~2*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/(2*d~4) -

((420%I)*axb*x~2*PolyLog[4, (-I)*E~(I*(c + d*Sqrtl[x]))]1)/d~4 + ((420%I)*ax
b*x~2*PolyLog[4, I*E~(Ix(c + d*Sqrt[x]))]1)/d"4 + ((105%I)*b~2%x~(3/2)*Poly
Logl4, -E~((2*I)*(c + d*Sqrt[x]))])/d"5 + (1680*a*b*x~(3/2)*PolyLog[5, (-I
Y*E~(I*(c + d*Sqrt[x]))]1)/d"5 - (1680*axb*x~(3/2)*PolyLog[5, I*E~(I*(c + d
*Sqrt[x]))]1)/d"5 - (315xb~2*x*PolyLogl[5, -E~((2*I)*(c + d*Sqrt[x]))]1)/(2*d
~6) + ((5040%*I)*a*b*x*PolyLogl[6, (-I)*E~(I*(c + d*Sqrt[x]))])/d~6 - ((5040
*I) *a*xbxx*PolyLog[6, I*E~(I*x(c + d*Sqrt[x]))]1)/d"6 - (((315%I)/2)*b~2*Sqrt
[x]*PolyLog[6, -E~((2*I)*(c + d*Sqrt[x]))1)/d”7 - (10080*a*b*Sqrt [x]*PolyL
ogl7, (-I)*E~(I*(c + d*Sqrt[x]))])/d"7 + (10080*axb*Sqrt[x]*PolyLogl7, I*E
~(Ix(c + d*Sqrt[x]))])/d"7 + (315*b~2*PolyLog[7, -E~((2*I)*(c + d*Sqrt[x])
)1)/(4%xd"8) - ((10080*I)*axb*PolyLog[8, (-I)*E~(I*(c + d*Sqrt([x]))])/d"8 +

((10080%*I)*a*b*PolyLog[8, I*E~(I*(c + d*Sqrt[x]))])/d"8 + (b~2xx~(7/2)*Ta
nlc + dxSqrt[x]]1)/d)

3.36.3.1 Defintions of rubi rules used

ruka?OOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

p
ruka3042‘Int[u_, x_Symbol] :> Int([DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] \

\

3.36.  [z®(a+bsec(c+ d\/f))2 dz
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rule 4678 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQl{a, b, ¢, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

rule 4692 Int[(x_)~(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[pl

3.36.4 Maple [F]

/x3(a—|—bsec (c-l—d\/E))zda:

input Lint (x~3*(a+b*sec(c+d*x~(1/2)))"2,x)

output ‘ int (x~3* (at+b*sec(c+d*x~(1/2)))"2,x)

3.36.5 Fricas [F]

/x3(a+bsec (c—i-d\/:E))2 dxz/(bsec (dvz +c) +a)2x3dz

input Lintegrate (x~3%(atb*sec(c+d*x~(1/2)))"2,x, algorithm="fricas")

N _

output‘integral(b‘2*x‘3*sec(d*sqrt(x) + c)72 + 2%axbxx”3*sec(d*sqrt(x) + c) + a”2
L*X‘3, X)

— -

3.36.  [a*(a+bsec(c+ d\/i))2 dz
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3.36.6 Sympy [F]

/w3(a+bsec (c—l—d\/i))2 dx=/ac3(a—|—bsec (c+d\/5))2 dx

input{integrate(x**B*(a+b*sec(c+d*x**(1/2)))**2,x)

-

outputLIntegral(x**B*(a + bksec(c + d*sqrt(x)))**2, x)

3.36.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 6347 vs. 2(574) = 1148.

Time = 0.69 (sec) , antiderivative size = 6347, normalized size of antiderivative = 8.47

/w?’ (a + bsec (c + d\/E))2 dx = Too large to display

input  integrate(x~3*(a+b*sec(c+d*x~(1/2)))"2,x, algorithm="maxima")

output | 1/4*((d*sqrt(x) + c)78*a"2 - 8*(d*sqrt(x) + c) 7*a"2xc + 28x(d*sqrt(x) + c
)"6*a"2xc”2 - 56*(d*sqrt(x) + c) b*a~2%c”3 + 70*(d*sqrt(x) + c) 4*a~2xc”4
- 56x(d*sqrt(x) + c)~3*a"2*c”5 + 28*(d*sqrt(x) + c) 2*xa"2*c”6 - 8*(d*sqrt(
X) + c)*a”2%c”7 - 16%axb*c”7*log(sec(d*sqrt(x) + c) + tan(d*sqrt(x) + c))
- 8x(60%b~2xc”7 + 60*((d*sqrt(x) + c)~7xa*b - 7x(d*sqrt(x) + c) 6xa*b*c +
21*(d*sqrt(x) + c) “bxa*xb*c™2 - 365*(d*sqrt(x) + c) 4*axb*c™3 + 35*(d*sqrt(x
) + c)"3*axb*c”4 - 21x(d*sqrt(x) + c) 2xa*bxc”5 + Tx(dxsqrt(x) + c)*axb*c”
6 + ((d*sqrt(x) + c) 7*a*b - T*(d*sqrt(x) + c) 6*a*bxc + 21*(d*sqrt(x) + c
) “Bxaxb*c”2 - 35x(d*sqrt(x) + c) 4xaxbxc”3 + 35*(d*sqrt(x) + c) 3*a*b*xc”4
- 21*x(d*sqrt(x) + c) 2xaxb*c”5 + T*x(d*sqrt(x) + c)*axbxc”6)*cos(2*d*sqrt(x
) + 2xc) + (I*x(d*sqrt(x) + c) 7*xa*b - T*Ix(d*sqrt(x) + c) 6*axbkc + 21*I*(
dxsqrt(x) + c) b*a*bxc~2 - 35*I*x(d*sqrt(x) + c) 4*axbxc™3 + 35kIx(d*sqrt(x
) + c)"3*%axb*c”4 - 21xI*(d*sqrt(x) + c) 2*axb*c™5 + 7*I*x(d*sqrt(x) + c)*ax
b*c”6) *sin(2*d*sqrt(x) + 2*c))*arctan2(cos(d*sqrt(x) + c), sin(d*sqrt(x) +
c) + 1) + 60*%((d*sqrt(x) + c) 7xaxb - Tx(d*sqrt(x) + c) 6xaxb*c + 21x(d*s
qrt(x) + c) bxa*bxc”2 - 36*(d*sqrt(x) + c) 4*axb*c”3 + 35x(d*sqrt(x) + c)~
3xa*xbxc”4 - 21*(d*sqrt(x) + c) 2*axb*c”5 + 7*(d*sqrt(x) + c)*a*bxc”6 + ((d
*sqrt(x) + c) 7*xaxb - 7x(d*sqrt(x) + c) 6*axbxc + 21*(d*sqrt(x) + c) 5*xa*b
*xc™2 - 35k (d*sqrt(x) + c) 4*xa*b*xc”3 + 35x(d*sqrt(x) + c) 3*axbxc™4 - 21x(d
*sqrt(x) + c) 2xaxb*c”5 + Tx(d*sqrt(x) + c)*axbxc”6)*cos(2*d*sqrt(x) + ...

3.36.  [z®(a+bsec(c+ d\/f))2 dz

| —
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3.36.8 Giac [F|

/x3(a+bsec (c—l—d\/i))2 dxz/(bsec (d\/E—l-c) +a)2z3dz

inputLintegrate(x“S*(a+b*sec(c+d*x‘(1/2)))‘2,x, algorithm="giac")

output Lintegrate ((bxsec(d*sqrt(x) + c) + a)~2*x"3, x)

3.36.9 Mupad [F(-1)]

Timed out.

3 Ydr= [ 2% |a b 2 T
/x (a+bsec (c+dyT)) dz—/ ( +cos(c+d\/5)> d

input Lint(x”B*(a + b/cos(c + d*x~(1/2)))"2,x)

output Lint(x“B*(a + b/cos(c + d*x~(1/2)))"2, x)

3.36.  [a*(a+bsec(c+ d\/i))2 dz
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3.37.1 Optimalresult . . .. ... ... . .. ... . e 246
3.37.2 Mathematica [A] (verified) . . . . . . . . ... Lo 247l
3.37.3 Rubi [A] (verified) . . . . . ... .. 248
3.37.4 Maple [F] . . . . . o o 2500
3.37.5 Fricas [F] . . . . . o o o 250
3.37.6 Sympy [F] . . . . o o 250
3.37.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 2511
3.37.8 Giac [F] . . . . o 251]
3.37.9 Mupad [F(-1)] . . . . oo 252
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3.37.1 Optimal result

Integrand size = 20, antiderivative size = 551

2?:b2.’1,'5/2 a2$3 8’iabw5/2 arctan (ei(c+dﬁ)>

2
/x2(a—|—bsec(c+d\/5)) dx = - n e h
10b%z% log <1 + e2i(c+d\/5))
+ 7
20iabx? PolyLog <2, _iei(c+d\/5)>
+ =
20iabz? PolyLog (27 iei(c+d\/§)>
a2
20ib?z/2 PolyLog (2, —ezi(Cerx/E))
B
80abz®/ PolyLog (3, _iei(c+d\/5)>
PR
80abz®/? PolyLog (3, iei(c+dﬁ)>
+ o
30b%z PolyLog (3, _ eZi(c—i—dﬁ))
+ 7
240iabx PolyLog (4, _iei(c+dﬁ)>
d4
240iabz PolyLog (4, iei(c+dﬁ)>
+ 7
30ib?\/z PolyLog <4, _ezi(c+dﬁ)>
+ 5
480ab+/z PolyLog (5, —z‘ei(0+d\/5)>
+ e
480ab+/z PolyLog <5, il (c+d\/5)>
5
1562 PolyLog (5, —e%(c+4v¥) )
6
480iab PolyLog (6, _iei(C+dﬁ))
+ T
480iab PolyLog (6’ iei(#dﬁ)) n 202252 tan (c+dy/z)
ds d

3.37.  [a*(a+bsec(c+ d\/i))2 dz
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output | 480*I*a*b*polylog(6,-I*exp(I*(c+d*x~(1/2))))/d"~6+1/3*a~2*x"3-480*I*a*b*pol
ylog(6,I*exp(I*(c+d*x~(1/2))))/d"6+10%b"2*x~2*1n (1+exp (2xI* (c+d*x~(1/2))))
/d~2-8*Ixa*bxx~ (5/2)*arctan (exp(I*(c+d*x~(1/2))))/d+20*I*a*b*x~2*polylog(2
,—I*exp (I*(c+d*x~(1/2))))/d"2+240*I*a*b*x*polylog(4,I*exp(I*(c+d*x~(1/2)))
) /d~4-80*axb*x~(3/2) *polylog(3,-I*exp(I*(c+d*x~(1/2))))/d"3+80*a*xb*x~ (3/2)
*polylog(3, I*exp (I*(c+d*x~(1/2))))/d"3+30%b~2*x*polylog(3,-exp(2*I* (c+d*x"
(1/2))))/d"4-20%Ixb~2%x" (3/2) *polylog(2,-exp (2*I* (c+d*x~(1/2))))/d~3-20%I*
axb*xx~2*polylog(2, I*exp(I*(c+d*x~(1/2))))/d"2-156*%b~2*polylog(5,-exp(2*xI*(c
+d*x~(1/2))))/d"6+30%I*b~2*polylog(4,-exp(2*I* (c+d*x~(1/2))))*x~(1/2)/d"5-
240*I*axb*x*polylog(4,-I*exp(I*(c+d*x~(1/2))))/d~4-2*I*b~2*x"~(5/2) /d+480*a
*b*polylog(5,-I*exp(I*(c+d*x~(1/2))))*x"(1/2)/d"5-480*a*b*polylog(5,I*exp(
Ix(c+d*x~(1/2))))*x~(1/2)/d"5+2%b~2*x~ (5/2) *tan (c+d*x~(1/2))/d

3.37.2 Mathematica [A] (verified)

Time = 1.26 (sec) , antiderivative size = 543, normalized size of antiderivative = 0.99

/z2(a+bsec (c—i—d\/E))2 dz

—6ib%d°2%/? + a?d®z® — 24iabd®z®/? arctan (ei(”dﬁ)) + 30b%d*z? log (1 + ezi(c+dﬁ)> + 60iabd*z? Poly

-

inputLIntegrate[x‘2*(a + b*Sec[c + d*Sqrt[x]])~2,x] J

output | ((-6*I)*b~2xd"5*x~(5/2) + a~2*%d"6*x~3 — (24*I)*a*b*d"~5*x~(5/2)*ArcTan[E~ (I
*(c + d*Sqrt[x]))] + 30%b~2*d~4*x"2*Logl[l + E~((2*I)*(c + d*Sqrt[x]))] + (
60%I)*axbkd~4*x~2%PolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]))] - (60%I)*a*bxd~4*
x"2%PolyLog[2, I*E~(I*(c + d*Sqrt[x]))] - (60*I)*b~2xd~3*x~(3/2)*PolyLog[2
» "E7((2%I)*(c + d*Sqrt[x]))] - 240%axb*d~3*x~(3/2)*PolyLogl[3, (-I)*E~(I*(
c + d*Sqrt[x]))] + 240*axbxd~3*x~(3/2)*PolyLog[3, I*E~(I*(c + d*Sqrt[x]))]
+ 90*b~2+d"2*x*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))] - (720+*I)*a*b*d~2*x
xPolyLog[4, (-I)*E~(I*(c + d#Sqrtl[x]))] + (720*I)*axb*d~2*+x*PolyLogl[4, I+*E
“(I*(c + d*Sqrtlx]))] + (90*I)*b~2xd*Sqrt[x]*PolyLogl[4, -E~((2*I)*(c + d*S
qrt[x]))] + 1440%a*b*d*Sqrt[x]*PolyLogl[5, (-I)*E~(I*(c + d*Sqrt([x]))] - 14
40*axbxd*Sqrt [x] #*PolyLog[5, I*E~(I*(c + d*Sqrt[x]))] - 45%b~2xPolyLogl5, -
ET((2*I)*(c + d*Sqrt[x]))] + (1440%I)*a*b*PolyLog[6, (-I)*E~(I*(c + d*Sqrt
[x1))] - (1440%I)*axb*PolyLogl[6, I*E~(I*(c + d*Sqrt[x]))] + 6xb~2*d~5*x" (5
/2)*Tan[c + d*Sqrt[x]1]1)/(3*d"6)

3.37.  [z*(a+bsec(c+ d\/f))2 dz
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3.37.3 Rubi [A] (verified)
Time = 0.85 (sec) , antiderivative size = 554, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, dumber of rules _ ( 94 Ryles used

integrand size
= {4692, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x2(a+bsec (c+d\/5))2 dx
J'4692
2/x5/2(a+bsec (c+dv7)) vz
| 3042
2/w5/2(a+bcsc (c—i—d\/i—i-g))zd\/i
l 4678
2/ <a2x5/2+b2 sec® (¢ + dv/z) %% 4 2absec (c+dvz) x5/2> dvx

l 2009

T
— + — + -

( a2ad 4iabx®/? arctan (ei(”dﬁ)) 240iab PolyLog (6, —iei(c+dﬁ)> 240iab PolyLog (6, iei(c"'d‘/a) y
2
6 d ds ds

inputtlnt[x‘Q*(a + b¥Sec[c + d*Sqrtl[x11)~2,x] J

3.37.  [z*(a+bsec(c+ d\/i))2 dz
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2% (((-I)*b~2*x~(5/2))/d + (a~2%x~3)/6 - ((4*I)*a*b*x"(5/2)*ArcTan[E~(I*(c

+ d*Sqrt[x]))])/d + (5xb~2*x"2xLog[1 + E~((2*I)*(c + d*Sqrt[x]))]1)/d"2 + (
(10*I) *axbxx~2xPolyLog[2, (-I)*E~(I*(c + d*Sqrt[x]))])/d"2 - ((10%I)*a*b*x
~2%PolyLog[2, I*E~(I*(c + d*Sqrtl[x1))]1)/d~2 - ((10*I)*b~2%x"(3/2)*PolyLogl
2, -E"((2*I)*(c + d*Sqrt[x]))])/d"3 - (40*a*bxx~(3/2)*PolyLogl[3, (-I)*E~(I
*(c + d*Sqrt[x]))])/d"3 + (40*a*bxx~(3/2)*PolyLog[3, I*E~(I*(c + d*Sqrt[x]
))1)/d"3 + (15%b~2xx*PolyLogl[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/d~4 - ((120%I
) *axb*x*PolyLog[4, (-I)*E~(I*(c + d*Sqrtl[x]))])/d"4 + ((120%I)*a*b*x*PolyL
ogl4, I*xE~(I*(c + d*Sqrt[x]))]1)/d~4 + ((16*%I)*b~2xSqrt[x]*PolyLogl[4, -E~((
2+¢I)*(c + d*Sqrt[x]))]1)/d"5 + (240%axb*Sqrt[x]*PolyLog[5, (-I)*E~(I*(c + d
*Sqrt[x]1))]1)/d"5 - (240*a*b*Sqrt[x]*PolyLog[5, I*E~(I*(c + d*Sqrtl[x]))])/d
~5 - (15%b~2%PolyLog[5, -E~((2*I)*(c + d*Sqrt[x]))]1)/(2xd~6) + ((240%I)*ax
b*PolyLog([6, (-I)*E~(I*(c + d*Sqrt[x]))])/d"6 - ((240%I)*a*b*PolyLogl[6, Ix*
E~(I*(c + d*Sqrt[x]))])/d"6 + (b"2*x~(5/2)*Tan[c + d*Sqrt[x]])/d)

3.37.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 4692

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, 0]

Int[(x_)"(m_.)*((a_.) + (b_.)*Sec[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sec[c + d*x])~
p, x], x, x™n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

3.37.  [z*(a+bsec(c+ d\/i))2 dz



CHAPTER 3. LISTING OF INTEGRALS 250

3.37.4 Maple [F]

/xz(a+bsec (c+d\/§))2dx

input Lint (x~2% (a+b*sec (c+d*x~(1/2)))"2,x%)

output Lint (x~2x (at+b*sec(c+d*x~(1/2)))"2,x)

3.37.5 Fricas [F]

/xz(a+bsec (c+d\/5))2 dxz/(bsec (dVz +¢) +a)2x2da:

inputLintegrate(x“2